WEIGHTED WEAK MAJORIZATION AND SHARP SCHOENBERG-TYPE
INEQUALITIES

TENG ZHANG

ABSTRACT. We introduce the notion of weighted weak majorization to study the squared
moduli of the critical points of a complex polynomial whose zeros have zero centroid. The
resulting estimate strengthens the classical Schoenberg inequality by extending a single qua-
dratic trace estimate to all upper tails of the distribution function. More precisely, let P be a
complex polynomial of degree n, with zeros z1, 22, . . ., 2z, and critical points w1, wa, ..., Wn—_1.
If Z;;l z; = 0, then for every increasing convex function ® on R4 with ®(0) = 0, we obtain

the inequality
n—1
n
> (junl) <
k=1

The coefficient is best possible uniformly over this class of convex functions. In particular,
we obtain Schoenberg-type inequalities of all orders p > 2 with coefficient (n — 2)/n, and this
coefficient is sharp when n is even. Consequently, this confirms a conjecture in | ]. We
also prove a sharp first-order modulus-tail inequality with coefficient \/(n — 2)/n, together
with squared and first-order directional analogues.

1. INTRODUCTION

One of the central problems in the geometry of polynomials is to understand how the zeros
of a complex polynomial govern the positions and sizes of its critical points. The classical
Gauss—Lucas theorem asserts that every critical point of a nonconstant complex polynomial
lies in the convex hull of its zeros; see Marden | , p- 22] and Rahman—Schmeisser | ,
Theorem 2.1.1]. A central problem in this area is Sendov’s conjecture: if all zeros of a poly-
nomial of degree n > 2 lie in the closed unit disk, then every zero is within distance one of
a critical point. For historical background, see Rahman—Schmeisser [ , Section 7.3] or
[ , Section 1]. Tao | , Theorem 1.2] proved that there exists an absolute constant
no such that the conjecture holds for every n > ngy. Zhang | , Theorem 1.2] made this
threshold effective by showing that one may take ng = 102909, Very recently, Mazur | ]
announced a computer-assisted proof of Sendov’s conjecture for every degree n > 2. The exact
theorem statement has been checked by a separate Lean development, while the accompanying
exposition remains a preprint under review. Tao | | subsequently gave a human-readable
digestion of Mazur’s argument. In particular, the digested argument proves the strict interior
form: if a is a zero with |a| < 1, then there is a critical point ¢ such that | —a| < 1. Together
with the boundary clasmﬁcatwn this proves the Phelps—Rodriguez conjecture | , ]:
the strict inequality holds for every zero unless |a| = 1 and the polynomial is a nonzero scalar

multiple of z" — a™.
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The present paper studies quantitative inequalities between symmetric functionals of the ze-
ros and the corresponding functionals of the critical points. The principal tool is majorization,
and the resulting estimates are refinements of the Schoenberg inequality.

1.1. Majorization relations between zeros and critical points. For two vectors z =
(x1,...,my) and y = (Y1,...,Yn) in R, let 2+ = (mf,xﬁ) and yt = (y%,,yn) denote
their nonincreasing rearrangements. We say that x is weakly majorized by y, and write z <, v,

if
u 4 u 4
Sat<yuh  1sksn
j=1 =1

If equality also holds for k = n, then = is majorized by y, and we write x < y. Similarly, x is
weakly log-majorized by y, written x <y 10g ¥, if

k
II@gII%, 1<k<n
=1~ =l

If equality also holds for k = n, we write x <oz y. For the standard theory of majorization,
we refer to Marshall-Olkin—Arnold | , Chapters 1-3].

Let 21, 22, . .., 2, be the zeros of a complex polynomial P of degree n > 2, and let w1, wo, ..., wp_1
be its critical points. All zeros and critical points are counted with multiplicity, and this con-
vention is used throughout. A basic majorization theorem of Schmeisser [ , Corollaries 3
and 4] gives

ﬂuq]w..,hun_lhO)—<whg ﬂzlh..w\znb.

In particular, weak log-majorization implies weak majorization, and therefore

(lwil, s fwna],0) <w (2], -+ |2al)-

Consequently, for every increasing convex function @ : [0,00) — R with ®(0) = 0,

n—1 n
Z (Jwg]) < Z(I) 1251),
k=1 7=1

and in particular
n—1 n
DolwlP <3Nz p>1
k=1 j=1

A stronger geometric majorization relation was obtained independently by Malamud | ,
Theorem 4.7] and Pereira | , Theorem 5.4]. They proved that

n

(wl,...,wn,l,n_l sz) < (21,--,2n),

j=1

where majorization is understood in the sense of complex vectors, through the existence of
a doubly stochastic matrix. In the corresponding representation, the row that produces the
centroid may be taken to have all entries equal to 1/n; hence the sums of the entries in each of
the remaining columns are (n — 1)/n. Applying convexity row by row gives Pereira’s corollary
[ , Corollary 5.5]: every convex function ¢ : C — R satisfies

3 o) < Y ol
j=1
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Taking ¢(C) = [P, (¢) = |Re¢[?, and (¢) = | Im CJ?, respectively, gives, for p > 1,

n—1 n—1 n
Sl < LS
k=1 7j=1

n—1 n—1 n
> [Rewyl? < - > | Rezl?,
k=1 j=1
n—1 n

n—1
Z | Im wg|P < TZ | Im z;|P.
k=1 j=1

However, in the study of Schoenberg-type inequalities, as discussed in Subsection 1.2, one often
imposes the zero-centroid condition; in this setting, the constant in the preceding estimates is
not optimal. By developing a theory of weighted weak majorization, we improve this constant
under the zero-centroid assumption.

For z,y € R” |, weak majorization z <, y is equivalently encoded by the tail-sum inequalities

n

Dlwi—t) <> (i—t)y, t>0
=1

i=1
This distribution-function viewpoint leads to the following weighted variant. Let x € R'?,

Yy E Rﬂ_, and v > 0. We say that x is weakly majorized by y with weight ~y, and write x <, ¥,
if
m

14
Y(@wi—t)r <Y (yi—t)4,  t=>0. (1.1)
j=1

i=1
For v = 1 and equal lengths, this is the usual weak majorization of nonnegative vectors. For
v = 0, it simply means that x = 0. It is important that, even when m = ¢, the relation
T <w,p Y is generally not the same as x <, vy.
Our first main result is the sharp weighted tail form of the Schoenberg inequality.

Theorem 1.1. Let n > 2, and let P be a complex polynomial of degree n, with zeros
21,22, - - -, Zn and critical points wi, wa, . .., wn—_1, all counted with multiplicity. If Z?Zl z; =0,
then

(o1 ) <y mz (2% [zl
For every n > 2, the weight (n — 2)/n is optimal.

Although the method behind Theorem 1.1 is inherently quadratic, the analogous first-order
modulus statement also holds.

Theorem 1.2. Let n > 2, and let P be a complex polynomial of degree m, with zeros
21,22, ..., 2n and critical points wy,ws, ..., Wy_1. If Z?’:l zj =0, then

(|U]1|,. . 'a|wn*1|) Kw /=2 (|Zl|7""|2n|)'
? n

Equivalently, for everyt > 0,

n—1 n—2 n
wi| — 1)+ < Zil —t)+. 1.2
> (el = )4 <4/ — j;(\ il =)+ (1.2)

k=1

For every n > 3, the constant \/(n — 2)/n is optimal.
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The proof requires a different argument, developed in Section 5. We also establish complete
directional analogues. For 6 € R, put

Lo(¢) =Re(e™™¢),  ¢eC,
The square-level directional result is parallel to Theorem 1.1.

Theorem 1.3. Let n > 2, and let P be a complex polynomial of degree n, with zeros
21,22, .-+, 2n and critical points wi,we, ..., wy—1. If 3771 25 = 0, then, for every 6 € R,

(Lo(w1)?, ..., Lo(wn—1)?) <, n=2 (Lo(21)%, ... Lo(zn)?).
The corresponding first-order estimate for every one-dimensional projection is as follows.

Theorem 1.4. Let n > 2, and let P be a complex polynomial of degree m, with zeros
21,22, ..., 2n and critical points wy,ws, ..., Wy_1. If Z?’:l zj = 0, then, for every 0 € R,

(IZo(wn)l,-- - Lo (wn-1)I) <, ra=z (ILo(21)l,-- - | Lo(zn)])-

1.2. Schoenberg-type inequalities. Let z1, 29, ..., 2z, be the zeros of a complex polynomial
P of degree n > 2, and let wy, wa, ..., w,—1 be its critical points. In 1986, Schoenberg | ,
p. 8] conjectured that, under the zero-centroid condition Z?:l zj = 0, the quadratic inequality

n—1 n
Y lwif? < > Izl (1.3)
k=1 j=1

holds, with equality if and only if all zeros are collinear. This was proved independently by
Pereira | | and Malamud | , Theorem 4.10]. The estimate (1.3) has inspired higher-
order generalizations, now called Schoenberg-type inequalities; see, for instance, | , ,
, , , ]. As an application of (1.3), the author | | obtained an
improvement of Schmeisser’s conjecture | | under the zero-centroid condition.

Recently, Tang and the author | | confirmed two fourth-order Schoenberg-type con-
jectures posed by Georgiev, Gomez-Serrano, Tao, and Wagner [ , pp. 32-33, Prob-
lem 6.24], giving a complete solution to the de Bruin—Sharma problem. To answer Kushel-
Tyaglov’s problem | ], they also proposed two conjectures aimed at higher orders; see
[ , Conjectures 1.6 and 1.7]. The first of these is the following.

n—2
n

Conjecture 1.5. Letn >4 and p > 2. Let P be a complex polynomial of degree n, with zeros
21,29, ..., 2n and critical points wy,wa, ..., wp_1. If Z?:1 zj = 0, then

n—1 n
D Jwl? < PETS
k=1 7j=1

Moreover, equality is attained by P(z) = (z — 1)"2(z 4+ 1)"/2 for every even n > 4.

n—2
n

The cases p = 2,4,6 of Conjecture 1.5 were already known; see | , Remark 1.8]. A
natural interpolation argument does not yield the sharp coefficient. Indeed, if

VZ{ZE(CnZZZj:O},
j=1

then the complex interpolation space between £>°(V) and ¢2(V') agrees with ¢7(V') only up to
equivalence of norms, not isometrically in general; this point is made in | , D- 22], using
Triebel’s theorem [ , p- 118, Theorem 1]. The interpolation argument therefore gives only

the weaker coeflicient
(2(n - 1))1”—2 n—2
, p > 2.
n n
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Theorem 1.1 gives the following Orlicz form, of which Conjecture 1.5 is an immediate special
case.

Proposition 1.6. Let n > 2, and let P be a complex polynomial of degree n, with zeros
21,225+ -+, 2n and critical points wy,wa, ..., wp—1. If 377 4 z; = 0, then, for every increasing
convez function ® : Ry — R with ®(0) =0,

n—1 n—29 n
> () < T3 a()z0R),
k=1 7j=1

In particular, taking ®(t) = tP/2 proves Conjecture 1.5 for every p > 2.
Similarly, Theorem 1.4 has a useful modulus consequence after averaging over directions.

Proposition 1.7. Let n > 2, and let P be a complex polynomial of degree n, with zeros
21,22, ..., 2n and critical points wy,ws, ..., Wy_1. If Z?:1 zj = 0, then, for every p > 1,

n—1 n—29 n
Sl < /P23 1,
k=1 7j=1

Forn > 3 and p > 2, this is weaker than Proposition 1.6; therefore the new content of this
estimate lies in the range 1 < p < 2.

An analogous pair of estimates holds for real and imaginary parts. We begin with the Orlicz
inequalities supplied by Theorem 1.3.

Proposition 1.8. Under the hypotheses of Theorem 1.3, for every 6 € R and every increasing
convex function ® : Ry — R with ®(0) =0,
n—2

n ;
J

®(Lg(z)?).

n—1
> (Lo(wy)?) <
k=1 1

In particular, for every p > 2,
n—1 n—9m
D [ Lo(wi)l” < —=3  [Lo(z)I".
k=1 j=1

Taking 0 = 0 and 6 = w/2 yields the corresponding real- and imaginary-part inequalities. The
two-point family P,(z) = 2" (2% — a?) shows sharpness of the coefficient at the endpoint
p=2.

Similarly, Theorem 1.4 has a different sharp endpoint constant.

Proposition 1.9. Under the hypotheses of Theorem 1.4, for every 8 € R and every increasing
conver function ¥ : Ry — R with ¥(0) =0,

iy n—2 <
W (|Lg(w < W (|L Zi)l)-
X (Lot < " 3 w(kat)

In particular, for every p > 1,

n—

1 n—2 n
Lo(wp)|P < Lo(z:)|P.
> [ Lo(wi)P <o/ - jZ::1| 0(25)]

k=1

For 0 = 0 and 0 = w/2, this gives the real- and imaginary-part versions. The constant

V/(n —2)/n is best possible at p = 1.
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2. TOOLS: WEIGHTED WEAK MAJORIZATION AND THE QD MODEL

We begin by recording the elementary convex-function form of (1.1). This is the only lemma
used below to pass from tail estimates to Orlicz inequalities.

Lemma 2.1. Let v € R, y € Rﬁ, and v > 0. Then x <wy y if and only if, for every
increasing convex function ® : Ry — R satisfying ®(0) = 0,

m l
D P(w) <y Y D(y;)
i=1 j=1
Proof. Assume first that x <,y ¥, and put
M =max{z;,y; : 1 <i<m, 1 <j </}

On [0, M], every increasing convex ® with ®(0) = 0 has the Stieltjes representation

®(u) = au+ (u—t)4 du(t), 0<u<M,
(0,M]

where a = @/, (0) > 0, and p is the positive measure induced by the nondecreasing right
derivative ®’,. The defining tail inequalities, including the case ¢ = 0, give

O(x;)=a) z;+ —t)4+ dp(t)
1:21 Z (0 M] = 1 !
¢ ¢
<va )y +v/ > (yj— 1)+ dp(t)
7=1 (0,M] 7j=1
=7 Z (I)(yj)
j=1

Conversely, taking ®(u) = (u — t)4 for each fixed ¢ > 0 recovers (1.1). This proves the
equivalence. O

The matrix model for critical points is the familiar D-companion matrix, but we shall keep
it as an n X n matrix. Thus the additional zero appears explicitly and no restriction notation
is needed.

Proposition 2.2. Let z1,...,2, € C, let

n
H — 2j), D = diag(z1,...,2n),
7j=1
and set
1
e =n"1?1, Q=1—-ee"=1—-—J,
n
where J is the all-ones matriz. If wy,...,w,_1 are the zeros of P’, then

spec(QDQ) = {w1,...,wy—1,0},

with algebraic multiplicities.
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Proof. First consider DQ. For A ¢ {z,..., z,}, the matrix determinant lemma gives
det(A — DQ) = det(A — D + Dee™)
= P(\) (1+¢"(AI = D)~' De)

= P(\) (Hiik?z)
IS ()\i 1 .):)\P;L()\).

Since both sides are polynomials, the identity holds for every A. Moreover,

AP ()

det(M\ — QDQ) = det(M — DQ?) = det(\ — DQ) =

Here the first equality follows from det(A] — AB) = det(A] — BA), initially for A # 0 and then
for every X\ by polynomial continuation, and the second uses @Q? = (). This proves the spectral
identity, including algebraic multiplicities. It is the same model as in Komarova—Rivin | ,
Lemma 5.7], retained here in the full n-dimensional QD@ form. O

We shall repeatedly compare positive parts of Hermitian matrices. The next lemma fixes
the convention and gives the monotonicity needed below.

Lemma 2.3. Let X and Y be Hermitian n X n matrices. If X <Y, then
tr X+ S tr Y+ .
Proof. For a Hermitian matrix 7',
tr1y = tr(ST).
rTy = max tr(ST)
Indeed, the maximum is attained by the spectral projection of T' corresponding to the positive

spectrum. Hence, if X <Y, then for every 0 < S < I one has tr(SX) < tr(SY). Taking
maxima gives the result. O

The following eigenvalue—singular-value comparison is the Weyl-Horn majorization theorem
(see Bhatia | , P. 42] ) in the form needed here.

Lemma 2.4. Let A € M, (C). Denote its eigenvalues and singular values, respectively, by
A(A), ..., A (A) and s1(A4),...,sn(A4).

Then
(IA(A)] - A (A)]) =w (51(A), ..., sn(A)).
Consequently, for every increasing convex function ¢ : Ry — R,

S (A (A < 3 (s;(4)).
=1 =1

A second comparison passes from the real parts of eigenvalues to the spectrum of the
Hermitian part.

Lemma 2.5. Let A € M,(C), and fix § € R. Put
e A + e A

Ro(A) = 5
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If M, ..., An are the eigenvalues of A, and v1,...,v, are the eigenvalues of the Hermitian
matriz Ryg(A), then

(Re(e™™A1),...,Re(e™N,)) < (v1, ..., vn).
Consequently, for every convex function ¢ : R — R,

> eRe(e™N)) <D o(v)).
j=1

7j=1

Proof. By Schur triangularization, there is a unitary U such that U*AU = T' is upper trian-
gular with diagonal entries A1, ..., A,. Then

e—iGT + 6719T*

2

is Hermitian and has diagonal entries Re(e=%)1),...,Re(e”®),). By the Schur-Horn theo-
rem, the diagonal vector of a Hermitian matrix is majorized by its eigenvalue vector. Kara-
mata’s inequality gives the convex-function consequence. O

U*Rg(A)U =

3. THE SQUARED TRUNCATION ESTIMATE

The next theorem is the heart of the paper. It is a positive-part trace estimate for the
squared singular values of QD(@. The additional zero singular value is present throughout and
contributes nothing to the positive parts.

Theorem 3.1. Let n > 2. Suppose that z = (21, ..., 2,) € C" satisfies 377, z; = 0, and put
D = diag(z1,...,2n), A=QDQ.
If s1(A),...,sn(A) are the singular values of A, then, for everyt >0,

D (si(A)? = 1) < > Iz = 1)+ (3.1)
i=1 j=1
Proof. Write
1
aj:|zj|2, D, = diag(aq,...,an), uw=D'e=—(71,...,7,)"

vn
The centroid condition says exactly that u L e, or, equivalently, Qu = u. Since Q = I — ee”,
we have

A*A = QD*QDQ = QD,Q — uu®.
Fix ¢t > 0, and decompose
aj = bj +rj, bj = (CLj — )4, Tj :min(aj,t).

Set

S|=

/B:ija R:erv pP=— Db:dlag(bhabn)
=1 j=1

Since D, — tI < Dy, conjugation by @) gives
A*A—tQ = Q(Dy — t1)Q — uu™ < QDpQ — uu™ =: M.
Both A*A and @ annihilate e, and s,(A) = 0. Consequently, the eigenvalues of A*A —tQ are
s1(A)2 —t,... sp_1(A)* —t,0.

It follows from Lemma 2.3 that
n

S (si(A)2 — 1)1 = tr(A*A — Q)4 < tr(My).

=1
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It remains to estimate tr(M;)
First,

n—1 B+ R

B trunt) = ful? = 2

tr(QDpQ) = tr(DpQ) =

Therefore
tr Mt =

Next, QDp@ > 0 and uu* has rank at most one. Thus M; has at most one negative eigenvalue:
if a negative spectral subspace had dimension at least two, it would contain a nonzero vector
orthogonal to u, and on that vector the quadratic form of M; would be nonnegative.

We now show that the possible negative eigenvalue is no smaller than —p. Equivalently, we
prove

M+ pQ = 0.

If p=0, then R =0. For t = 0, this is just My = A*A > 0; for ¢t > 0, it forces all a; = 0, and
the assertion is trivial. Assume p > 0. For any x € C", put h = Qz. Since u 1 e,

2
sz

(M + pQ)z,x) = > (b + p)|hy |2—f
j=1

By the weighted Cauchy inequality,

j=1

It is therefore enough to prove

For each j,

=1+ .
bj +p bj +p
If b; = 0, the denominator in the second term is p. If b; > 0, then a; > t, so r; = ¢; since
r; <t for every 7, we have p <t = r;, and consequently

TP TP

bi+p =~ p
Equality holds when b; = 0. Summing gives
jzl bj ="t 2::

Thus M; + p@Q > 0.
For a Hermitian matrix T, write 7_ := (—7");+. The matrix M; has at most one negative
eigenvalue and none below —p. Hence tr(M;)_ < p, and so

tr(My) s = tr My + te(M;)_ < (”

n—2
Jepmt2s
n
Since 8 = >_;(|zj|* — t)4, this is exactly (3.1). O

The next section transfers this singular-value comparison to the critical points via the
spectral model of Proposition 2.2.
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4. WEIGHTED WEAK MAJORIZATION FOR CRITICAL POINTS

We now prove the principal squared-modulus theorem and its Orlicz consequences. The
point is that the truncation estimate controls all tails of the singular values; Weyl-Horn then
passes from singular values to eigenvalues and hence to the critical points and the additional
Z€ero.

Proof of Theorem 1.1. Let D = diag(z1,...,2,) and A = QDQ. By Proposition 2.2, the
eigenvalues of A are wy,...,w,_1,0. For fixed ¢t > 0, the function

W(r)=(r*—t)y, r>0,

is increasing and convex. Lemma 2.4 gives

n—1 n
D (wi* — 1)y <D (si(A)? = t)4.
k=1 i=1

Theorem 3.1 bounds the last sum by

n

P25 (2 - )4

n =1

This is precisely the weighted weak majorization asserted in the theorem.
To prove optimality, suppose first that n > 3, and take

P.(2) = 2"2(2* — d?), a#0.
Its nonzero critical points are +1/(n — 2)/na. At t = 0, therefore,

n-l n—2 n—2<

Sl =2 P = T2y 52
n n 4

k=1 j=1

Thus no smaller weight can hold uniformly. For n = 2, the optimal weight is 0. U

The Orlicz formulation now follows directly from the tail comparison.

Proof of Proposition 1.6. Apply Lemma 2.1 to Theorem 1.1. Taking ®(t) = tP/2 gives the
power inequality for every p > 2. O

The equality family is the same one that appears in Schoenberg’s quadratic inequality, and
it shows that the constant cannot be improved when n is even.

Corollary 4.1. Let n > 2, and let P be a complex polynomial of degree n, with zeros z1, ..., zn
and critical points wy, ..., Wp—1. If Z;’ZI zj =0, then
n—1 n—2m
> lwglP < dolglh, p=2.
n “
k=1 Jj=1

If n = 2m, equality holds for P(z) = (2 —1)"(z+1)™. Consequently, for even n, the constant
(n —2)/n is sharp.

Proof. The inequality is Proposition 1.6 with ®(t) = tP/2. For the equality statement, the
zeros are 1 and —1, each with multiplicity m, and

P'(z) =2mz(z — D)™z + 1)L
Thus the critical points are 1 and —1, each with multiplicity m — 1, and 0 with multiplicity

one. Hence
-2 n—2<
2m = z:|P.
=k

n

n—1 n
D wglP =2(m—1) =
k=1
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O

The Orlicz form is often more informative than the power corollary. For example, it gives
sharp estimates for every tail layer simultaneously.

Example 4.2. Under the hypotheses of Proposition 1.6, one may take ®(z) = (z—7)",, 7 > 0,
r>1;0or ®(z) = e —1, A > 0; or &(x) = xlog(l + z).

5. THE MODULUS-TAIL INEQUALITY

We now turn to the proof of Theorem 1.2. The argument does not arise by interpolating
the endpoint estimate. Its decisive feature is a convex reduction in the joint variables z and ¢.
At an extreme point of the resulting convex set, at most two zeros can lie strictly outside the
truncation circle; the two resulting model configurations can then be handled by singular-value
calculations.

We begin by recording the matrix endpoint from which the argument starts. Let

e=—(1,...,1)7, Q=1-ee",
and, for z = (21,...,2,) € C", set

D, = diag(z1,- .-, zn), A, =QD.Q.

Thus all matrices in this section act on C"; the additional zero singular value of A, is retained
throughout.

Lemma 5.1 ([ , Theorem 4.1]). If 3771 z; = 0, then

n—2<
s, <" 2 Sl a
j=1

The next lemma collects the three elementary spectral facts used below. We write s1(A4) >
-+ > sp(A) > 0 for the singular values of an n x n matrix A.

Lemma 5.2. Let 21,...,2, € C satisfy 3774 z; = 0. Define

OVES | [CE
j=1

and let wy,...,w,_1 be the zeros of P', counted with multiplicity. Let ry > --- > r, be the
nonincreasing rearrangement of |z1|, ..., |zn|. Then the following assertions hold.
(1) The eigenvalues of A, are wy,...,wy—1,0.

(2) One has sp(A;) =0 and
sj(Az) <rj (1 <j<n),

5.2
Sj(Az) Z Tj+2 (1 S j S n — 2) ( )
(8) One has the exact Hilbert-Schmidt identity
sj(A2)" = —=> |3l (5.3)
j=1 j=1

Proof. The first assertion follows directly from Proposition 2.2. Moreover, A,e = 0, and hence
sn(A;) = 0. Since multiplication on either side by an orthogonal projection cannot increase
any singular value, s;(A;) < s;(D;) = rj. Moreover,

D.,—-A, = (I - Q)Dz + QDZ(I - Q)a
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so rank(D, — A,) < 2. Using the approximation-number formula

Sk(T) - ranikn1£<k HT B RH’

we obtain, for 1 < j <n — 2,

8j+2(Dz) < ranikn}fijDz - ((Dz - A+ R)H

= 5j(A2).
This proves (5.2).
Finally, cyclicity of the trace and Q = I — ee* give
142115, = tx(DZQD-Q)

n—2§n:’ ’2+1
= 243 —_—
n J n?

=1

2

n
2%
=1

The last term vanishes under the centroid condition, proving (5.3). (]

The truncation parameter must be incorporated into the convex structure rather than
treated after the fact. For ¢ > 0, define

O(e,t) = Y (55(A) =Dy Glat) = (5] — D

j=1 j=1
Lemma 5.3. For z,2/ € C" and t,t' > 0,
D(z+ 2 t+t) < P(z,t) + 0, 1), (5.4)
and, for every A > 0,
O(Az, \t) = A\P(z,1). (5.5)

Proof. The singular-value trace inequality and a singular-value decomposition give the varia-
tional identity

B(z,t) = sup {Retr(X*A,) —t|X|s,}. (5.6)
X500 <1

Indeed, the expression in braces is at most »°;(s;(A,) — t)s;(X), whose maximum under
0 < s;(X) < 1is 3;(s5(Az) — t)4; equality is attained by the partial isometry supported on
the singular subspaces corresponding to s;(A.) > t. Since z — A, is linear, (5.4) and (5.5)
follow immediately from (5.6). O

We shall also need a one-variable fact concerning three nonnegative roots. Its role is to
make the phase comparison below global, rather than merely infinitesimal.

Lemma 5.4. Let

and suppose that

Y1+ Y2 +ys =y + Y2 + Y3,
Y1Y2 + Y1ys + Y2y3 = Y1Y2 + Y1Y3 + Y2Us3-
If
Y1Y2Y3 < y1y293,
then

U3 < y3, U2 > Y2, Vi + VT2 = Vi Ve (5.7)
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Proof. Denote the common first two elementary symmetric functions by S and E, and write
x = y3. The other two entries satisfy

Y1ty =985 —=x, Y1y = B — Sz + 22, (5.8)
so the product of all three entries is

h(z) = z(E — Sz + 2?).
For every admissible smallest entry z,
W(zx)=F —2Sz 432> = (y1 —2)(y2 — ) > 0.

Moreover,

S? - 3F = %((?Jl —2)* + (1 —3)> + (y2 — y3)%) > 0.
Thus A’ has two real roots; denote them by o < 3. Since x < S/3 and 8 > S/3, the preceding
inequality forces = < «, apart from the trivial case y; = yo = y3. Thus every admissible
smallest entry lies on the same interval on which h is increasing. The product inequality
therefore implies g3 < ys.
For fixed S and FE, the smaller of the two roots in (5.8) is

S—x—+S2+25r—322—4F
5 )

y2(z) =

At points where the two roots are distinct,

1 S — 3z
W) =—=— <0;

e R W S T ey

the remaining cases follow by continuity. Hence g3 < y3 implies g2 > yo. Finally, if J(z) =

Vy1(z) + Vy2(z), then
J@P =S -+ 2V/E—Sa v e,

and, whenever the expression is nonzero,

d 2¢ — S
—J@x)P =14+ —— = <.
dx (@) VE — Sz + 22
Continuity again covers the boundary cases and proves the last inequality in (5.7). O

We now turn to the proof of the theorem.

Proof of Theorem 1.2. The case n = 2 is immediate: the centroid condition gives the zeros a
and —a, and the unique critical point is 0.

Suppose next that n = 3. Vieta’s formulas give wi + wo = %(zl + 29 + 2z3) = 0, so the two
critical points are w and —w for some w € C. Put p = |w| and r; = |z;|. By Proposition 2.2,
the eigenvalues of A, are w,—w,0. Lemma 2.4, applied with ¥ (u) = u, therefore gives
2p < ||A.||s,- Hence Lemma 5.1 gives

For 0 <t < p, set

The function F' is continuous and piecewise linear. At every point of differentiability,

F’(t):2—\}g#{j:rj>t}22—\/§>0.
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It follows that F' is nondecreasing and F'(t) > F(0) > 0. For ¢ > p the left-hand side of (1.2)
is zero. This proves the cubic case.
We may therefore assume that n > 4. Write

—9 n
v = nn , V:{ZEC":sz:0},

j=1

and consider the closed convex set
C={(z1t) €V x[0,00): G(z,t) < 1}. (5.9)
Its recession cone is
recC = {(a,s) € V x [0,00) : |aj| < s for every j}. (5.10)
Indeed, the displayed condition implies |z; + Aaj| — (t + As) < |z;| — t for every A > 0.
Conversely, applying the definition of a recession direction at (0,0) gives

A (lajl —s)4 <1 (A >0),
7=1

which forces |a;| < s for every j. For (a,s) € recC,

14allssc < [ Dalls., = maxa;| < s,

and hence

®(a,s) =0. (5.11)
The cone in (5.10) is pointed, so the set C defined in (5.9) contains no line. The finite-
dimensional representation theorem for closed convex sets containing no lines | , The-

orem 18.5 and Corollary 18.5.2, pp. 166-167] implies that every (z,t) € C can be written
as

N N
(2,t) = > MW t) + (a,s), DA
v=1 v=1

where )\, > 0, each (z(*),t,) is an extreme point of C, and (a,s) € recC. By Lemma 5.3,
positive homogeneity, and (5.11),

Zwb ) t,) + ®(a, s).

It is therefore enough to prove
D(z,t) <~ (5.12)

for every extreme point (z,t) of C.
We first identify these extreme points to the extent needed. If ¢ = 0, then Lemma 5.1 gives

(I)(Z>O> = ”AZHSl < 72 ’Z]’ = FVG('ZvO) <7
j=1

Suppose therefore that ¢ > 0. An extreme point must satisfy G(z,t) = 1; otherwise sufficiently
small perturbations of ¢ in either direction would remain in C.
Set

O:{j:|zj|>t}v B:{j:|zj|:t}v I:{j:|’zj|<t}7
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and write r = |O| and s = |I|. For j € OU B, put u; = z;/|z;|. Introduce real variables 7 and
d; for j € O, and complex variables h; for j € I, and define

(t+9)uj, jeO,
k?jz TUj, jEB,
hj, jel.

Impose the three real linear conditions

> ki=0, > §=0. (5.13)
j=1 jeo

The variable space has real dimension 1 + 7 + 2s. If 7 + 2s > 3, then (5.13) has a nonzero
solution. For all sufficiently small € > 0, both

(z+ck,t+er) and (z—ck,t —eT)

then belong to C: on O the excesses over the new threshold are (|zj| —t) £ &d; and their sum
is unchanged; the coordinates in B remain on the threshold; and those in I remain strictly
below it. The chosen nonzero solution cannot satisfy k = 0 and 7 = 0, because this would
force every d; and h; to vanish. Thus the two perturbed points are distinct, contradicting
extremality. Hence

r+ 2s < 2.
Since G(z,t) = 1, one has r > 1, and therefore
(r,s) =1(1,0) or (r,s)=(2,0). (5.14)

Thus every extreme point with ¢ > 0 has either one or two coordinates strictly outside the
circle of radius ¢, while all remaining coordinates lie on that circle.

We next dispose of the one-excess model in a form that will also be used later. Assume
that the coordinate moduli are

t+dt,....t, d>0.
By (5.2), the singular values have the form
t+ L, t,....t, a0, L>0, 0<a<t.
——
n—3 terms

Substitution into (5.3) yields
2L + L? + a® = v*(2td + d?). (5.15)
If L > ~d, then
2tL + L? > 2tyd + v2d? > +*(2td + d?),
contradicting (5.15). Consequently,
D(z,t) = L < ~d. (5.16)

For an extreme point of the first type in (5.14), one has d = G(z,t) = 1, and (5.12) follows.

Consider now an extreme point of the second type. After relabeling, its coordinate moduli
are

t+p,t+aqt,....1, p,q>0, p+qg=1. (5.17)
Only the first two singular values can be strictly larger than ¢. If only one of them is, write
the singular values as
t+L,t,...,t,a,0, 0<ac<t
——

n—3 terms
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Equation (5.3) becomes
2L + L? +a* = ¥*(2t + p* + ¢°). (5.18)
If L > ~, then, since p?> + ¢> <1 and v < 1,
UL + L% > 2y + 42 > 2 (2t + 1) > (2t + p* + ¢°),

contradicting (5.18). Hence again ®(z,t) < 7.
It remains to treat the case in which both s1(A,) and s2(A,) exceed t. Write

zj=rjuj,  Jul =1,
where r1 =t +p, ro =t+¢q, and r; =t for j > 3. Let
U = diag(u1, ..., un), R = diag(r1,...,7mn), f=U"e, g=RSf.

The centroid condition gives

and hence Qg = g. If v; = Q¢g;, where ¢; is the jth coordinate vector, and
Ay =p2t+p), Ay=q(2t+q),
then, on C”,
AXA, = 12Q + Ayviv] + Aovovh — gg*. (5.19)
Indeed, U*QU = I — ff* and R? = t?I 4+ A1e1 + Ageaes. Consequently,
AZA, = QRUQURQ
= Q(R? - 99")Q,

which gives (5.19) because Qg = g. Thus A*A, — t?Q has rank at most three. In conjunction
with (5.2), this gives sj(A,) =t for 3 <j<n-—2,s,_1(4;) <t, and s,(A4;) = 0. Relative to
the baseline t2Q, the only three squared singular values that can differ from ¢? are

y1 = Sl(Az)zv Y2 = SQ(Az)27 Y3 = Sn—1<A2)27

where
y > 12, yp > 12, 0<ys <t (5.20)
Set
F = [v1,v9,9], M = diag(Aq, Ag, —1), I'=F"F.
Since QF = F, the perturbation in (5.19) is FMF*, and
n—1 1 r1uy
n n vn
r— l n—1 TolUsy
N n n vn
riup o reup 1, .2
Jnoooyn onTITL
Put ¢ = Re(ujuz). Expanding the determinant gives
2
detT = Cp — 2, (5.21)
n

where Cy depends only on the radii. Sylvester’s determinant identity gives

det(l, + sFMF*) = det(I3 + sMT).
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Set p; = y; —t% for 1 < i < 3. These are the three eigenvalues of FM F* that may be nonzero,
with zeros included when its rank is less than three. Let e, be their kth elementary symmetric
function. The preceding identity yields

det(I3 + sMT) =1+ se; + s%eq + s5es.

The first- and second-order principal minors of M1 depend only on the radii. Thus e; and es
are phase-independent, whereas

€3 = det(MF) = —A1AsdetT.
Since y; = 2 + p;, it follows that
S=y1+ya+ys=3t"+ei

PR (5.22)
E = y1y2 +y1y3 + yoyz = 3t7 + 2t%e; + ea.
The quantities in (5.22) are independent of all phases, while (5.21) gives
y1yoys = t° + tler + tles +e3
2A1A9r 7 (5.23)
_ 0y 4 Mibanirz,
n

where C; = 5 + tte; + t2e3 — A1 A2Cy depends only on the radii. Since the coefficient of ¢
in (5.23) is positive, the product is minimized when ¢ = —1. We shall verify below that a
zero-sum configuration with ¢ = —1 and the prescribed radii exists. Let y; > 32 > y3 denote

the three exceptional squared singular values for such a configuration. By Lemma 5.4,

o >y2 > 12, Vo + Vi > VU + Ve

All singular values other than the first two, the penultimate one, and the additional zero are
equal to ¢, whereas the penultimate one does not exceed t. Hence passing to the opposite-
direction configuration cannot decrease ®(-,t).

It remains only to verify that an opposite-direction zero-sum configuration with the pre-
scribed radii exists. Assume without loss of generality that p > ¢, and put d = p — ¢. Since
the lengths in (5.17) already occur in a zero-sum configuration, the polygon inequality gives

t+p<t+q+(n—2), hence d < (n—2)t.

For every integer m > 2, the set of sums of m unimodular complex numbers is the closed disk
of radius m. For m = 2 this follows from e(®+®) 4 ¢i(0=2) = 9 cos el If the assertion holds
for m and |v| < m+ 1, choose a unimodular « in the direction of v when v # 0 and arbitrarily
when v = 0; then |v — u| < m, which proves the induction step. Since n — 2 > 2, we may
therefore choose unimodular numbers us, . .., u, satisfying

i =-Tu
g — 7 W
i=3 t
for a fixed unimodular «. Thus

zZ=((t+p)u,—(t+ Qu,tus, ..., tu,). (5.24)

The vector z in (5.24) is zero-sum and has the same coordinate moduli as z. By (5.23),
Lemma 5.4, and (5.20),
D(z,t) < O(Z,t). (5.25)
The opposite configuration can now be split into two previously controlled pieces. Define

a = (qu, —qu,0,...,0), b=Zz—a.
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Both a and b are zero-sum. Moreover,
lallp =2¢=1—d,
whereas the coordinate moduli of b are
t+dt,... ¢t
Applying Lemma 5.3, followed by Lemma 5.1 and (5.16), we obtain
O(z,t) < ®(a,0) + ®(b, 1)
<y(l—d)+yd=1.

Together with (5.25), this proves (5.12) for the second type of extreme point as well.
We have therefore proved (5.12) at every extreme point of C. The representation of C by
its extreme points and recession cone, together with Lemma 5.3, now yields

G(z,t) <1 = ®(z,t) <n.
Since both G and ® are positively homogeneous in the joint variables, we conclude that
D(z,t) <vG(z,t) (5.26)
for all z € V and t > 0 with G(z,t) > 0. If G(z,t) = 0, then max; |z;| < t, whence
Thus ®(z,t) = 0, and (5.26) remains valid. We have therefore proved, for n > 4,
n n
Z si(A) —t)y <~v Z |zj| —t)+
J=1 J=1

It remains to pass from singular values to critical points. By Proposition 2.2, the eigenvalues
of A, are wy,...,wn_1,0. The function

Pr(u) = (u—1t)y,  uw=0,
is increasing and convex. Lemma 2.4 therefore gives
n

n—1
Z lwj| =)+ Z
j=1

Combining this inequality with (5.26) proves (1.2).
Finally, let n > 3 and

Its zeros are a,—a,0,...,0, while
Pl(2) = 2" 3 (n2* — (n — 2)a?).

The two nonzero critical points are £4/(n — 2)/na. Equality holds in (1.2) at ¢ = 0, so the
constant cannot be decreased. g
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6. DIRECTIONAL ESTIMATES

We next turn to real projections. The Hermitian part of e ?QDQ is itself a real diagonal
compression in the same QD@ form, and so the squared truncation theorem applies once
more.

Proof of Theorem 1.3. Let A = QDQ. By Proposition 2.2, the eigenvalues of A are w1, ..., w,_1,0.
Put

zj = Lo(zj) = Re(e ™ ?2)), X = diag(x1,...,zn).
The centroid condition gives }; z; = 0. Moreover,

e—iHA + eiOA*

Ry(A) = 5 =QXQ.
Let vy, ..., v, be the eigenvalues of QX Q. By Lemma 2.5, applied to ¢;(u) = (u? —t),,
n—1 n
> (Lo(wp)® — )4 < Z Vi —t)4
k=1 i=1
Since QX @ is Hermitian, its singular values are |v4],. .., |v,|. Applying Theorem 3.1 to the
real zero-sum vector (z1,...,x,) gives
n n
Z(l/ —t)+
i=1 j=1
This is exactly the asserted weighted weak majorization. O

We next record the corresponding Orlicz consequence.

Proof of Proposition 1.8. Apply Lemma 2.1 to Theorem 1.3 to obtain the Orlicz inequality.
Taking ®(t) = t?/? gives the power inequality. The choices §# = 0 and § = 7/2 give the real-
and imaginary-part estimates.

For sharpness at p = 2, first suppose that n > 3. Let P,(z) = 2 — a?), where
Lg(a) # 0. Its two nonzero critical points are ++/(n — 2)/na. Therefore both sides of the
directional p = 2 inequality are equal to 2((n — 2)/n)|Lg(a)[>. When n = 2, the coefficient is
zero and is trivially optimal. O

n—2 (252

The first-order result requires a different truncation estimate. It is purely real and depends
on the geometry of the vectors Q)e;, where €1,...,¢, form the standard basis of C".

Lemma 6.1. Let x1,...,z, € R satisfy 374 x; =0. Put

. n—2
X = diag(z1,...,Tn), B =QXQ, Tn = .

Then, for every t > 0,

n

n
tr(|B] — tQ)+ Z |lzj| — 1)+
Proof. Let qj = Q¢j. Then

n n

B=) =zjqq, Q=) 4
j=1 J=1

We first prove the one-sided estimate

tr(B — Q)+ <y Y (x; — 1)+
j=1
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Since B — tQ = Q(B — tQ)Q, the positive-trace variational formula gives
tr(B —tQ)+ = omax tr(S(B —tQ)).

It is therefore enough to estimate tr.S(B — tQ) for 0 < S < Q. Fix such an S, and set

hj = tr(Sq;q;) = (Sq;, ;) -
Then h; > 0 and }_; hj = trS. We need the oscillation bound

max h; —minh; < .
J J

Indeed, for j # k,

5 n—1 1

lgjI* = —— {aja1) =~

The Hermitian matrix ¢;¢; — gxqj, has trace zero, rank at most two, and Hilbert—Schmidt norm
squared

Its only possibly nonzero eigenvalues are therefore v, and —v,. Since 0 < S < Q <1,

hj — hi = tr S(q;q; — arqr) < tr(¢;4; — qkqr)+ = Yn-
Interchanging j and k proves the oscillation bound.
Let a = min; h; and g; = h; — a. Then

0§9j§’7m 1<j<n.
Since }>; z; = 0, we have > x;h; = > ; xjg5. Also 3 ; hj > 37, g;. Hence

tI‘S(B —tQ) = ijhj —ch]‘
j=1 j=1
<D (@ =gy < (35— )+
j=1

.
Il
—

Taking the maximum over 0 < S < () proves the one-sided estimate.
Applying the same estimate to —B and to the zero-sum vector (—z1,..., —x,) gives

n

tr(—B — Q)1 <Y Y _(—z; — )4
j=1

Since B is Hermitian and B = QBQ,
tr(|B| —1Q)+ = tr(B —tQ)+ + tr(—B — tQ) +.
Adding the two one-sided estimates yields the assertion. U

The directional first-order theorem is now an immediate consequence of the Hermitian-part
majorization lemma.

Proof of Theorem 1.4. Let A = QDQ, and put

xj = Lo(2), X = diag(x1,...,2n), B=0QXQ.
As above, B = Ry(A), and >_jxj =0. Let v1,..., vy, be the eigenvalues of B. By Lemma 2.5,
applied to the convex function ¢;(u) = (Ju| — t)+,

n—1 n

> (Lo(wr)| =)+ <D (il — 1)+

k=1 =1
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The right-hand side is tr(|B| — tQ)4, because the additional eigenvalue in the direction e is

zero. Lemma 6.1 gives
n 2 n

n p—
D (ml—t)4 < > (2l = 1)+,
i=1 [
which is the desired tail inequality. U

The first-order Orlicz statement follows from the same tail principle.

Proof of Proposition 1.9. Apply Lemma 2.1 to Theorem 1.4 to obtain the first assertion. Tak-
ing U(t) = tP, p > 1, gives the power inequality. The real- and imaginary-part cases are
obtained by setting § = 0 and 0 = 7/2.

For sharpness at p = 1, first suppose that n > 3. Choose a € C with Lg(a) # 0 and set
Pu(2) = 2" 2(22 — a?). Its two nonzero critical points are +/(n — 2)/na, so

n—2 <
Z | Lg(wy)| = 2 |L0 =\ > 1Lo(z)]
j=1

Thus the endpoint constant cannot be decreased. When n = 2, the coeflicient is zero and is
trivially optimal. O

Averaging the directional inequality over all directions gives the announced modulus power
estimate.

Proof of Proposition 1.7. For p > 1, Proposition 1.9 gives

n—1 n

n—2
Y |La(wp)P <y - > ILo(z)P
k=1 j=1

for every 6. Integrating over [0, 27] and using

2w . 2
/ |Re(e#0)P do = |C|P / | cos O] d6
0 0

yields the result after cancelling the positive constant fOQF | cos O|P db. O

7. SHARPNESS AND FAILURE BELOW ORDER TWO

The coefficient (n — 2)/n is specific to the square-level theory. The corresponding estimate
fails below order two, even for the simplest two-point family.

Proposition 7.1. Letn > 4 and 1 < r < 2. There exists a complex polynomial P of degree n,
with zeros z1,...,zn and critical points wy, ..., wn—1, all counted with multiplicity, such that
> i=12j =0 and

n—1 n—2 n

> Jwil” > - pREAH

k=1 Jj=1

holds. Moreover, for every fixed 0 € R, there exists such a polynomial for which

n—1 n—2 n
> | Lo(wg)|” > — > | Lo(z)]"
k=1 =

holds.
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Proof. Put ¢ = (n — 2)/n. For the modulus assertion, take P,(z) = 2" 2(2% — a?), with a # 0.
The zeros are a, —a, and 0 with multiplicity n —2, while the nonzero critical points are ++/ca.
Hence

n—1 n
Yo lwkl" =2 el Y |zl = 2]al"
k=1 j=1

Because 0 < ¢ < 1 and 7 < 2, one has ¢//2 > ¢, so the asserted estimate with coefficient ¢ fails.

For the directional assertion, choose a so that Ly(a) # 0 and use the same polynomial.
Then

n—1 n
Yo 1Lo(wi)" =22 Lo(a)", Y [Lo(z)|" = 2[Lo(a)l,
k=1 j=1

r/2

and the same inequality ¢/ > ¢ proves the failure. O

Remark 7.2. For the real part, one may take # = 0 and a = 1; for the imaginary part, one
may take § = 7m/2 and a = i. The single choice a = 1 + i makes both projections nonzero
simultaneously.
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