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ABSTRACT. Let m denote the normalized Haar measure on the unit circle T. For 0 < r < oo,
define [|f|l» :== (f; |f]" dm)l/T7 with || f]lo and || f||cc interpreted as the geometric mean and the
supremum norm, respectively. Set Q,(z) = 1+ 2". We prove that, for every nonzero polynomial p
of degree n whose zeros all lie on T,

ol _ lell,
1@all, = TQul,

This settles Baernstein’s quasi-norm monotonicity conjecture. As corollaries, we obtain an L"
extension of Visser’s coefficient inequality, the sharp O’Hara—Rodriguez inequality and its higher-

‘ > 2¢/N for all positive

0<s<t<oo.

power analogues, the Erdds—Szekeres product bound HH;V: (1 —=2%)

integers s1,...,sny and Agler-McCarthy’s entropy conjecture.
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1. INTRODUCTION

1.1. Baernstein’s conjecture and its consequences. Let D = {z € C: |z] < 1} and T = 9D,
and let m denote normalized Haar measure on T, given by dm(e?) = df/(2r) for 0 < @ < 2. For
a nonzero polynomial f and 0 < r < oo, write

1/r
171l = ( [ dm) |

and use the continuous endpoint conventions

1 £lly = exp /T log | dm.[fll, = esssup|f|.

Thus |||, is a norm for » > 1, a quasi-norm for 0 < r < 1, and the Mahler measure when r = 0.

The principal aim of this paper is to prove the quasi-norm monotonicity conjecture for polyno-
mials with unimodular zeros, posed by A. Baernstein II in 2008; see [ANM21, Conjecture 2.2]. We
settle it in the following form.

Theorem 1.1 (Baernstein’s conjecture). Let n > 1, and let p be a nonzero complex polynomial of
degree n all of whose zeros lie on T. For Qn(z) =1+ 2" and 0 < s <t < oo,

7l 21l
< ) (1.1)
1@nlls — lIQnll;
FEquivalently, the function
]
r — log o
1Qnll,

is nondecreasing on [0, co].
We first point out several notable consequences of Theorem 1.1; their proofs are given in Section 7.
Let

n

n
p(2) =Y a =a, [[-¢),  1Gl=1,
k=0 Jj=1

be a nonzero polynomial of degree n. For 0 < r < oo, put

Cr:=1+2|,, Co:=1, Coo :=2.
Since the map z — 2" preserves normalized Haar measure,
1Qull, =Cr,  0<r<oc.
e For every 0 < s <t < oo, Theorem 1.1 gives the sharp reverse norm inequality

Cy
olly = = Iplls -
ol . 1pll

Equality is attained by scalar multiples of 2" — w, where |w| = 1.
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e Taking s = 0 in Theorem 1.1 yields the sharp L" extension of Visser’s coefficient inequality
2
jaol + lan| < = llpll,,  0<r<oo.
T

The constant 2/C, is best possible. When r = 0, equality holds for every such polynomial p.
For every r > 0, equality is attained by

p(z) =c(z" —w), c¢#0, |wl=1
For r = oo, this recovers Visser’s classical coefficient inequality [ , Theorem 3].

e Taking (s,t) = (2,00) in Theorem 1.1 gives the sharp O’Hara—Rodriguez inequality

n
Ipllse = 2ply =2 laxf?
k=0

[ , Corollary 1]. More generally, the theorem implies sharp higher-power and even-moment
inequalities.

e Let s1,...,s8y be positive integers, and write Py(z) = Hj.vzl(l — 2%) = >, bpz*. Taking
(s,t) = (2,00) in Theorem 1.1 yields

2 2
1Pxll% = 2[1Pxllz =2 lbwl*.
k

Combining this inequality with Tang’s arithmetic estimate >, |bg|?> > 2N | , Theo-
rem 3.2], we recover Tang’s recent improvement

IPn o > 2VN

of the classical Erdds—Szekeres lower bound [ ]-

e Combining the Erdés—Lax inequality | | with Turén’s reverse inequality [ , p- 90,
Satz I], one obtains

19/l = 5 Ipll -

This identity was also established directly for self-inversive polynomials by O’Hara and Ro-
driguez | , Theorem 1]. Together with Theorem 1.1, it yields the sharp mixed derivative
estimate

oo n n
The constant n/C, is best possible, with equality attained by
pz) = (=" —w),  c#0, |w|=1.
e Theorem 1.1 further implies the sharp weighted power-sum inequality

o0 S 2 2 n
Z’kg’ —%’ Sk:zgf-
j=1

k=1

The constant 72 /6 is best possible, and equality holds when the zeros (i, ..., (, form a regular
n-gon.

e Finally, for r > 0 and f € {p, Q. }, define

o
dpg, = fT F7 dm dm.
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Differentiating the monotonicity asserted in Theorem 1.1 with respect to the exponent yields
the relative-entropy inequality

D(pp,rllm) = D(pq,rlm), v >0.

At r = 2, this is equivalent to the homogeneous entropy inequality proposed by Agler and
McCarthy | , Conjecture 1.4] and recently proved, together with its sharp equality state-
ment, by Lei and Zhang | , Theorem 1.3]. This entropy inequality is closely connected
with the celebrated Krzyz conjecture | ], which asserts that if

F(z) =Y F(k)z*
k=

0
is holomorphic and nonvanishing in D and satisfies |F'(z)| < 1, then

~ 2
IF(n)| <2, n>1
€

Agler and McCarthy developed a two-step program toward the Krzyz conjecture: the entropy
inequality constitutes the first step, while the second requires a full-degree condition for ex-
tremal functions. Under this additional condition, the entropy inequality implies the Krzyz
conjecture; see | , Theorem 1.8].

1.2. Relation to previous work. The study of integral means of analytic functions can be traced
back to Hardy | |, who investigated the dependence of boundary means on the radius. Baern-
stein | ] later introduced the star-function and circular symmetrization methods, which provide
a powerful framework for sharp comparisons of integral means. Theorem 1.1 is related to the clas-
sical theory of multiplier inequalities for polynomials. The Schur—Szegé composition theorem of de

Bruijn and Springer | | gives sharp inequalities for suitable polynomial compositions. Arestov
[ , | extended their results to a broad class of integral functionals, including quasi-norms,
and Pritsker [ | formulated related sharp integral-norm inequalities in terms of polynomial mul-

tipliers. These results can imply the endpoint case s = 0 of Theorem 1.1, but they do not compare
two arbitrary positive exponents.

Closely related developments concern sharp derivative estimates under restrictions on the zeros.
Motivated by a conjecture of Erdés | |, Lax | | proved that every polynomial p of degree
n having no zeros in D satisfies

1P < 2 lpl

and the constant n/2 is sharp. Ankeny-Rivlin | |, Boas-Rahman | |, and Rahman-—
Schmeisser | , | subsequently developed related pointwise and integral-norm inequalities
under various restrictions on the zeros. These results compare a polynomial with its derivative at
a fixed exponent, whereas Theorem 1.1 compares the same polynomial at different exponents.

Two neighboring extremal problems further clarify the scope of the present result. First, the
Erdés—Turdn theorem | | controls the angular discrepancy of the zeros in terms of a quantitative
size parameter of the polynomial. By contrast, the endpoint case of Theorem 1.1 yields only the
distribution-free estimate

Pl

lan| —
Thus any refinement incorporating a stability term that measures the discrepancy of the zero-
counting measure from normalized Haar measure would require genuinely new information beyond
a further specialization of the exponents in Theorem 1.1. Second, Erdés, Herzog, and Piranian
[ , p- 142, Problem 12] asked whether, among monic polynomials of fixed degree, the lemnis-
cate {z : [p(z)| = 1} has maximal length for p(z) = 2™ — 1. Tao recently proved this conjecture for
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all sufficiently large degrees | , Theorem 1.1(iv)].If this lemniscate contains no critical point
of p, its inverse branches give
2m
dt
length{z : |p(z)| =1} = / T
o AL ()
p(z)=e

This functional depends both on derivatives and on a moving planar level set, whereas Theorem 1.1
controls integral means of |p| on the fixed circle T.

A more recent connection arises from the homogeneous entropy conjecture of Agler and McCarthy
[ |, which was introduced in their study of the Krzyz conjecture. They | , Section 10]
observed that Baernstein’s conjecture implies the corresponding entropy inequality at the exponent
r = 2. Lei and Zhang recently proved this inequality and determined its equality cases |
Theorem 1.3].

Y

1.3. Sketch of the proof and organization of the paper. The proof of Theorem 1.1 consists
of four main steps.

Step 1: Polar factorization and entropy reduction. Section 2 begins with a self-inversive
normalization. Under the simple-zero assumption, we define

*

1 q
g=p——zp, B=-",
n q
where the reflection is taken relative to the fixed degree n, and prove that ¢ is zero-free on D, that

B is a finite Blaschke product satisfying B(0) = 0, and that
p=q+q¢ =q(l+B).
Moreover, B preserves normalized Haar measure on T.
Differentiating

1],
1@nll,

with respect to r expresses its derivative as a difference of relative entropies. An entropy decompo-
sition then reduces the desired monotonicity to the centered polar inequality

r — log

[+ B (og[1 4 B - £) dm >0, (1.2)
T

/T|1+cmog|1+<| dm(¢)

where £, :
L+ am(c)

Step 2: Fourier and area reduction. In Section 3, we write r = 2a and choose the analytic
branch ¢ = ¢® A Fourier expansion, an Euler-operator recurrence, and a polarized Dirichlet
identity yield the exact representation

/ |q\2“]1 + B|2a(10g\1 + B —Ega) dm
T

Mo, (20) (1.3)

_ Mo, (2) /D Re Ho(B(2)) |(¢%)(2)[2 dA(2),

an

where Mg, (2a) == [; |1+ ¢([** dm(¢), dA(z) := dz dy/m, with z = @ + iy, denotes normalized
area measure on D, and H, is a universal analytic kernel independent of the degree and the zero
configuration. Thus it remains to prove

Re H,(z) > 0, a>0, zeD. (1.4)
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Step 3: Positivity of the universal kernel. The kernel inequality (1.4) is proved separately in
two complementary parameter ranges. Section 4 treats 0 < a < 1 by establishing a sharp summable
estimate for the Taylor coefficients of H,. Section 5 treats ¢ > 1 by means of a Joukowski—Stieltjes
representation, a beta transform, a positive Abel decomposition, and finite-basis inequalities. To-
gether, these two arguments establish (1.4) for every a > 0.

Step 4: Completion of the proof. By (1.3), the kernel positivity (1.4) implies the centered
polar inequality (1.2). This yields the relative-entropy comparison and hence

d Il
— log >0, r >0,
dr = |@nll,

for polynomials with simple unimodular zeros.

Section 6 removes the simple-zero assumption by approximation and treats the endpoint expo-
nents r = 0 and r = co. Integrating the preceding differential inequality then gives (1.1), thereby
completing the proof of Theorem 1.1.

The organization of the paper follows the preceding four steps. Section 2 develops the polar
factorization and entropy reduction. Section 3 derives the Fourier and area identities. Sections 4
and 5 establish kernel positivity in the ranges 0 < a < 1 and a > 1, respectively. Section 6
completes the proof of the theorem, and Section 7 presents its principal applications and sharp
consequences.

The logical dependencies among the principal results are summarized in Figure 1.

Lem. 4.1
0<a<l1
Lem. 2.1 Lem. 3.1
Prop. 2.2 Prop. 3.2
Lem. 2.3 Lem. 3.3

/ \ Thm. 1.1 — Cor. 7.1
P 9 4 ) Prop. 5.
rop. 2.4 Prop. 3.4 \

Thm. 3.5 — Prop. 6.1 f

1
Lem. 5.2 / Lem. 6.2
Lem. 5.3 Endpoint limits
Lem. 5.4
Prop. 5.5
a>1

FiGURE 1. Logical dependencies among the principal results.

2. NORMALIZATION AND ENTROPY REDUCTION

This section isolates the two structural ingredients used throughout the proof: a polar factoriza-
tion for self-inversive polynomials and the entropy identity obtained by differentiating an L™ mean.
The objects introduced here recur in the sequel; the auxiliary notation used in later sections will
be defined locally.

Fix an integer n > 1. For every polynomial f of degree at most n, its reflection relative to the
fixed degree n is

f1(2) = 2 F(1/3). (2.1)
We also write
Df(z) = 2f'(2) (2.2)

for the Euler operator.

2.1. Self-inversive normalization and the polar factor. We begin by removing the inessential
scalar and rotational degrees of freedom.

Lemma 2.1. Let P be a nonzero polynomial of degree n whose zeros lie on T. Then there are
c# 0 andn €T such that

p(z) :==cPnz)=14a1z+ - +ap,_12" 1 +2" and p=rp*, (2.3)
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where p* is defined by (2.1). Moreover,

1Pl = lel " lpll,,  0<r<oo. (2.4)
Finally, for Qn(z) =1+ 2",
T+ 1)/2) T
1Qnll, =2 <\/7M> ; 0<r<oo, (2.5)

while ||Qullo =1 and [|@nl|,, = 2.
Proof. Write .
P(Z):CnH(Z—Cj), Gl =1,
and let ¢ = P(0). Then "~ .
= 2—2 = (1)"1_[1§] eT.
j=

Choose n € T with " = o and set ¢ = ¢, 1. The polynomial p(z) = cP(nz) has constant and
leading coefficients equal to 1. Its zeros remain on T, so p and p* are monic polynomials with the
same zeros; hence p = p*. Equation (2.4) follows from rotation invariance of the normalized Haar
measure m.

The map z +— 2" preserves the normalized Haar measure m, and therefore ||Q,|, = ||1 + z||,.
The substitution z = e followed by the beta integral gives (2.5). Jensen’s formula gives the limit
at r = 0, while the supremum of |1 + 2" on T is 2. O

For the rest of Sections 2-5, p denotes a polynomial satisfying (2.3). Until Section 6, we also
assume that the zeros of p are simple. The following polar factorization is the point at which this
hypothesis enters.

Proposition 2.2. Let p satisfy (2.3) and have simple zeros on T. Define

1 q*
q:=p— —Dp, B:=—, (2.6)
n q

where D and the reflection are given by (2.2) and (2.1). Then q has no zeros on D, B is a finite
Blaschke product with B(0) =0, and

1
q- = EDP’ p=q+q¢ =q(l+ B). (2.7)

Moreover, B preserves normalized Haar measure:

/ o(B(2)) dm(z) = / 2(¢) dm(C) (2.8)
T

T
for every ¢ € LY(T,m).

Proof. The identities in (2.7) follow by comparing coefficients; see also | , p- 5, (2.4)—(2.5)],
while the zero-free property of ¢ and the fact that B = ¢*/q is a finite Blaschke product with
B(0) = 0 follow from [ , p- 5, Lemma 2.2].

It remains to prove (2.8). Since B(0) = 0, the mean-value property gives
/B’c dm =0, k> 1.
T

Because |B| = 1 on T, the negative Fourier coefficients vanish as well. Hence the finite Borel
measures B,m and m have the same Fourier coefficients. Uniqueness of Fourier coefficients for
finite measures gives B,m = m, and therefore (2.8) holds for every integrable ¢. This observation
also appears in | , P. 442, Lemma 1 and its corollary]. U
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2.2. Differentiation in the exponent. For a nonzero polynomial f and r > 0, define its r-
moment and the associated probability measure by

M (r) == /T 7 dm,  dpyy = Z\Z |(r) dm. (2.9)

For a probability measure p < m, its relative entropy with respect to m is

D(plm) i~ | 1oy (ﬁ) ap. (2.10)

with the convention 0log 0 = 0. The next identity shows that differentiation of an L"-mean produces
this entropy.

Lemma 2.3. Let f be a nonzero polynomial, and let My(r) and pys, be defined by (2.9). Then, for
every r > 0,

r2£10 NIl = TM}(T) —log M¢(r) = D(pys.|lm) (2.11)
dr g r Mf(?"‘) g My - Pfr . .
In particular, let p be the normalized polynomial in (2.3), and set Qn(z) := 1+ 2. If
D(pp,rllm) = D(pq,+[Im) (2.12)

holds for every r > 0, then r — log(|[p|, / ||@nl|,) is nondecreasing on (0, 00).

Proof. Fix rg > 0. Near a zero €% of multiplicity mg, one has |f(e??)| < |6 — p|™. Hence,
uniformly for u € [rq/2,3r¢/2],

|f(e)[“og | £(e”)]| < C|6 — 6o|™"*/*(1 + |1og 6 — 6ol]),

which is integrable. Away from the finitely many zeros the integrand is uniformly bounded. Differ-
entiation under the integral sign is therefore justified and gives

M (r) Z/TIfVloglfl dm.

Since log || f||, = r~'log M¢(r), the first identity in (2.11) follows by differentiation. Substituting
the density in (2.9) into (2.10) gives the second identity. Applying the identity to p and Q,, gives

—_— IOg " = —[D Pp,r||T) — D PQn,r m)i,
dr HQnHr rQ [ ( D || ) ( H )]

which proves the final assertion. ]

2.3. The centered polar term. Let p,q, B be as in Proposition 2.2. For r > 0, define
1+ B
Mg, (r)

Proposition 2.2 implies that u, is a probability measure and that ¢, depends only on r, not on p.
We also introduce the centered polar functional

dpey dm, by = / log |1+ B| du,. (2.13)
T

Pr(q, B) = / lq"|1 + BJ" (log [1 + B| — £,) dm. (2.14)
T
For a probability measure p and a nonnegative integrable function w, define

Ent,, (w) = /wlogw du — </w du> log (/w du> . (2.15)

The next decomposition separates an automatically nonnegative entropy term from the only
term whose sign remains to be proved.
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Proposition 2.4. Let p,q, B be as in Proposition 2.2. Forr >0, let M¢(r) and pg, be as in (2.9),
let py, Ly, and Pr(q, B) be defined by (2.13) and (2.14), and let Ent,, be defined by (2.15). Then

Mq, (r) r
D(pprlm) = D(pq, rllm) = —=7=~Enty, (l¢|") + 7~ Pr(q, B). (2.16)
! ¢ My(r) " My (r)
In particular, the entropy comparison (2.12) follows once
Pr(q,B) >0 (2.17)
has been proved.
Proof. Set w := |q|" and A := [ w dp, = 1\2/27(2)' By (2.7),
w
dpp,r = X dMT
Define the probability measure
1+
dv,(¢) := dm(().
= Mg,y
By (2.8), one has
By = vy,

where By, denotes the pushforward of u, under B. Indeed, for every bounded Borel function ¢,

/Ttp d(Bupir) Z/Tw(B) dpr

oyl
= — B)|1+ B|" dm
Mo, () Jr PP HE
1

s Lo ar an© = [ o an,

where the third equality follows from B,m = m. Hence By, = vy.

dpQn.r _ ( dvy
dm dm

Let m, : T — T, m,(2) := 2™. Since (m,)m = m and ) o m,, we also have

(Wn)*an,r = Ur.

dv, dv,
D = [1 n n| d
(aurlim) = [ rog (S o) (G om ) am

dv,\ dv,
_/TIOg(dm) am dm
= D(v,[|m).

All logarithmic terms below are integrable, since near each zero they are controlled by a constant
multiple of ¢"(1 + |logt|) with > 0; hence the pushforward identities extend from bounded

functions by truncation. Thus,
|1+ B|7“>
m)= | log < dpsy.
= fee (i) e

Subtracting the two entropy formulas yields

1 w w 1+ B|"
D(pp,T’Hm) - D(an,THm) = A/wag K dur + /T (X - 1) IOg <|]WQ(T|)> d,Ufr'

The first term equals A~! Ent,, (w). In the second, the constant —log M, (r) disappears because
J(w/A —1) du, = 0. Centering the remaining logarithm by ¢, gives

r/w(log]1+B|—€r) dpr =
A Jy

Consequently,

D(anyT

mpr(% B)
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This proves (2.16). Finally, Ent,,, (|¢|") > 0 by Jensen’s inequality for « — xlog z, so (2.17) implies
(2.12). 0

The remainder of the proof is therefore devoted to (2.17).

3. A BOUNDARY-TO-AREA IDENTITY

Fix a > 0 and write r = 2a. Let p satisfy the hypotheses of Proposition 2.2, and let ¢ and B
be defined by (2.6). Since q is zero-free on a neighborhood of I and ¢(0) = 1, there is a unique
analytic logarithm L of ¢ with L(0) = 0. Throughout this section,

g:=q" :=exp(al), (3.1)
so that |g|? = |g|?® on T. We use normalized area measure
dr d
dA(z) = =Y o —a iy (3.2)
T

The aim is to represent the centered polar functional Pa, (g, B) from (2.14) as a weighted Dirichlet
integral.

3.1. The model Fourier coefficients. Since z — z" preserves the normalized Haar measure m,
Mg, (2a) = [ |1+ ¢|** dm((). Define the probability density

e
ha(C) := m7 ¢eT, (3.3)
and its Fourier coefficients
ag(a) == /T ho(O)CTF dm(¢), kel (3.4)

A dot will always mean differentiation with respect to a; thus dx(a) = Jdsax(a). The relevant
Fourier coefficients are explicit and have a summable derivative.

Lemma 3.1. Let a > 0, and let hy and ai(a) be defined by (3.3) and (3.4). Then
ap(a) =1, a_g(a) = ag(a) e R.

For every integer k > 1,

k-1

B ['(a+1)2 B a—j
RGeS ey ey =ayial | e s (3.5)

At integer values of a, the gamma quotient is interpreted through the entire reciprocal gamma
function; equivalently, one may use the product formula in (3.5). Moreover,

ag(a) = Oy (k™2 og(k + 1)) (k — 00). (3.6)
This estimate is locally uniform in a: if K € (0,00) and a— := min K, then
sup |ay(a)| < Crk™2"tlog(k + 1), kE>1.
acK

Ifa=NeNandk >N+ 1, then
pn—1 (ND?(k = N —1)!
(k+ N)!

ag(N) = (-1)

In particular,

D lag(a)] < oo. (3.8)

k>1
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Proof. The symmetry assertions follow because h,(e) is real and even. With 6 = 2t,

/2
/ cos®@ t cos(2kt) dt
0

w/2
/ cos?®t dt
0

The cosine—beta integral | , Formula 3.631.9] gives the gamma quotient in (3.5); the product
form follows from I'(z + 1) = 2I'(2).
Euler’s reflection formula rewrites (3.5), by analytic continuation in a, as

on(@) = (DM el Eo s, el = T

whenever k > a. Writing ¢ := I""/T" for the digamma function and differentiating this identity gives

(@) = (_1)k+1r(11;(i;i)1)

Let K € (0,00) and a_ := min K. For all sufficiently large k, uniformly for a € K, the gamma-ratio

expansion [ , p- 141, Eq. (5.11.13)] gives
I'k—a)

I'k+a+1)

Since a > a_ on K, this is also O (k72%-~1). The standard asymptotic formula for the digamma
function | , p- 140, Eq. (5.11.2)] gives

Yk —a)+Y(k+a+1)=Ogk(logk).

Since ¢ and ¢ are bounded on K, these estimates prove (3.6) and its stated local uniformity.
If a =N € Nand k£ > N, the product in (3.5) has a single vanishing factor, namely a — N;
differentiating that factor gives (3.7). These estimates imply (3.8). O

ax(a) =

T(a+1)%

{¢'(a) = e(a) [k — a) + vk +a+1)]}.

= O (k7271).

3.2. Fourier reduction. For k > 0, define the boundary correlations
o= [ Blgl dm = (Bg.)m, (3.9)

where the H? inner product is linear in the first variable. Differentiating the model density converts
the polar functional into these correlations.

Proposition 3.2. Fiz a > 0. Let p,q, B be as in Proposition 2.2, let g = q® be defined by (3.1),
and let ¢y be defined by (3.9). With é(a) as in Lemma 3.1, one has

Paalq, B) = Mg, (2a) Y ér(a) Recy. (3.10)
k>1

Proof. Differentiating (3.3) in a gives
ha(€) = 2ha(¢) (log |1+ ¢| — £2a).

Fix a compact interval K € (0, 00) containing a, and put a_ := min K. Since Mg, (2u) is positive
and C! for v € K, there is a constant C'x such that, uniformly for u € K,
[0uhu(C)] < Cic1+ ¢**= (14 [log |1 +¢]])

near ( = —1. The right-hand side is integrable, while away from —1 the derivatives are uniformly
bounded. Hence the Fourier coeflicients may be differentiated under the integral sign. Moreover,
t??|logt| — 0 as t | 0, so hy extends continuously to ¢ = —1. Since ag(a) = 1, the zeroth Fourier
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coefficient may be differentiated under the integral sign. Since ag(a) = 1, the zeroth Fourier
coefficient of h, is zero. By (3.8), the series

> dp(a)(¢F+¢7F)
k>1

converges absolutely and uniformly on T. Its Fourier coefficients agree at every integer index with
those of the continuous function h,. Uniqueness of Fourier coefficients in L(T) therefore gives
equality almost everywhere; since both sides are continuous, the equality holds everywhere. Thus

ha(¢) =Y dnla)(CF+¢7").
k>1
Together with
ha() = 2ha(¢) (log |1+ ¢| — £24),
this yields

ha(Q)(log |1+ ¢| — faa) = 3 3" dnla) (" + ¢,
k>1

Substitute ¢ = B, multiply by Mg, (2a)|g|?, and integrate over T. Since |B| =1 on T,

/B_";Igl2 dm = .
T
Equation (3.10) follows. O

3.3. The Dirichlet recurrence. For k& > 0, define the area moments
1= / B*|¢'|? dA. (3.11)
D

We shall use the polarized Dirichlet identity

(Du,v) g2 = / u'v’ dA, u(0) =0, (3.12)
D
valid for functions analytic on a neighborhood of . It follows by comparing Taylor coefficients; see
also | , pp. 1-2, Section 1.1]. The boundary and area moments are linked by the following
recurrence.

Lemma 3.3. Fiza > 0. Let p,q, B be as in Proposition 2.2, let g = q® be defined by (3.1), and let
¢k and Vi, be defined by (3.9) and (3.11). Then, for every integer k > 1,

akncg = (a+k)Vi—1 — (a — k) V. (3.13)
Proof. Set
D
o=24 I ::/Bka]g]2 dm (k> 0).
q T

From p = q(1 + B) and Dp = ngB, we obtain

(1+ B)o = nB — DB. (3.14)
On T, the identity B = ¢*/q gives
o
T=—. 3.15
=3 (3.15)
Indeed,
DB _
— =n—0-70
B

—

by differentiating B = ¢*/q on T, whereas (3.14) gives DB/B =n — o0 — o/B.
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For k > 1, set
X, ::/B’HDB lg|* dm.
T

Multiplying (3.14) by B¥~1|g|? gives
L1+ I, = nep, — X

Since Dg = acg and the Euler operator is symmetric for the H? inner product on these analytic
functions,

kXy, + aly, = (D(B*q), 9) 2 = (B*9,Dg) 2 = alj_1,
where the last equality uses (3.15). Eliminating X}, yields
kncg + (a — k)1, — (a + k)Ix—1 = 0. (3.16)
Finally, choose an analytic primitive u; with u} = B¥g’ and ug(0) = 0. Then (3.12) and
Dg = aog give

Vi — / B¥|¢'|? dA = (Dug, ) = = (B*Dg. g) gz = ali.
D

Substitution into (3.16) proves (3.13). O
3.4. The universal kernel. Define, for a > 0 and z € D,
v (a) k-1 k
Hy(z) := — k —(a—k . 3.17
@)= ((a+ k) = (a = k)2") (3.17)

Lemma 3.1 implies absolute and uniform convergence on D. Thus H, is analytic on D and con-
tinuous on . Combining the Fourier reduction with the Dirichlet recurrence gives the desired
Hardy—Bergman identity.

Proposition 3.4. Let a > 0, let p,q, B be as in Proposition 2.2, let Pay(q, B) be defined by (2.14),
let g = q* and dA be defined by (3.1) and (3.2), and let H, be defined by (3.17). Then

Mo, (2a

Ma, (20) [ ReHu(BG) 19 (P dAG). (3.18)
an D

Proof. Since |B| <1 in D, the moments in (3.11) satisfy |V| < Vy. Moreover,

ZW(( +k)+la—kl) <2014a)) |ér(a)| < 0.

k>1 k>1

7)2(1((]7 )

Hence Lemma 3.1 permits termwise summation. Multiplying (3.13) by & (a)/(akn), summing over
k > 1, and taking real parts gives

Zak JRec = /ReH N9 (2)]? dA(2).
k>1

Now apply Proposition 3.2. U

The proof of Theorem 1.1 has now been reduced to the following universal positivity statement,
which no longer involves p, ¢, B, or the degree n.

Theorem 3.5. Let H, be the analytic function defined by (3.17). Then
Re H,(z) > 0, a>0, zeD. (3.19)

Indeed, Theorem 3.5 and (3.18) imply Pa,(q, B) > 0. Proposition 2.4 then gives the entropy
comparison (2.12). Sections 4 and 5 prove Theorem 3.5 in the ranges 0 < a < 1 and a > 1,
respectively.
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4. KERNEL POSITIVITY FOR 0 < a <1

Let H, be the kernel in (3.17). Write
Ha(2) = Bo(a) + Y _ Brla)z". (4.1)
E>1
Collecting adjacent terms in (3.17) gives

—k
fo@= -t Bl = T @) - @ (k2 ), (42)

where ay(a) is defined by (3.4). The small-parameter argument rests on the following sharp sum-
mable estimate.

Lemma 4.1. Let 0 < a <1, and let Bi(a) be defined by (4.1)—(4.2). Then
1
< k> 1. 4.

Proof. Assume first that 0 < a < 1. For k > 1, set

a(l —a)g—1
(a+ 1)k
where (z); :=I'(x + j)/I'(z) is the Pochhammer symbol, and a prime denotes differentiation with

respect to a. Differentiating

up = (—1)" Loy (a) = >0,  Cp:=(—1)Fk(k +1)B(a),

(@ +k+1Dagi(a) = (a - k)ag(a)

and using (4.2), we obtain
k(2k+1)

_ RlerT 1) . /
Cr = kT 1uk + (k a)uk. (4.4)
Set
Jj—a Egy
Ry = S, =
k ]1;[1]+a7 k Jz::le_CLQ

Since (k — a)uy = aRy, and R}, /Ry, = —S}, equation (4.4) becomes
a(a+1)(2a+1)
(k—a)(k+a+1)

We first prove the lower bound. Put hy := 0,h; := 2522% and x := 2ah; The inequality
log((1 —u)/(1+u)) < —2u for 0 <u <1 gives

Crp=Ri(1—aSy+Ty),  Tp:=2a+ (4.5)

1—a
R —X

Fe1 ae

Also,
2 2hy
S,
FE1oa2 T 1—a2/4

Consequently,

2 1-—

(a+1)aRESy <e™* T 4 i e “(1+x) <1,

l+a 1-a2/4"] "
where the middle inequality uses 2a/(1 +a) <1 and (1 —a)/(1 —a?/4) < 1. Since Ri(1+ T}) > 0,
(4.5) yields

1
> — > - .
Cr > —aRySi > T (4.6)
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For the upper bound, use Sy > 2/(1 — a?) in (4.5):
2a
1—a?
The sequences Ry and T} are decreasing; hence so is Ug. If Uy < 0, then Cy < 0. If £ > 2 and
Uk > 0, then 0 < Uy < Uz and 0 < Ry < Ry. Hence

Cr < RiUg, U, =1+1T; —

1
Cr < RpUy < RoUs < ——,
E > NpVE >~ 202 a+1

because

a(11 + 10a + 11a?)

1—(a+1)RUs = (a+1)(a+2)(a+3)

> 0.

For k =1, direct substitution gives

2(a® +a+1) P

(a+1)2(a+2) ~a+1’

the last inequality being equivalent to a? < a. Together with (4.6), this proves |Cx| < 1/(a + 1),
which proves (4.3).

Finally, each fSi(a) is continuous for a > 0, so the estimate extends to a = 1. Equivalently, one
may check directly that

) =35 A1) =

C =

) = - ks,

1
4’ k2(k +1)2 =

We now conclude the proof of Theorem 3.5 in the range 0 < a < 1.

Proof of Theorem 3.5 for 0 < a < 1. Let |z] = p < 1. By Lemma 4.1,

1 oF
Re H,(2) > -3 2 | >o,
eHa(z) 2 77 ;k(lﬂ+l) ”

because > ;- 1/[k(k +1)] =1 and p* < 1. This proves (3.19) in the stated range. O

5. KERNEL POSITIVITY FOR a > 1

Throughout this section, a > 1 is fixed. Let

1
B(z,y) == / "1 — )yt dt = Tty
0
denote the Euler beta function. Set

Za ::B<a+;,;) :\/w, we(z) = — , O<z<l1. (5.1)

We use the Pochhammer symbol (), := I'(z +m)/T'(z) for m > 0. Define also

Mg = /Olwa(x)logx dmzd)(a%—;) —(a+1) <0. (5.2)

Thus w, is a probability density. Define its centered primitive and the associated first-order expres-
sion by

T
Wy(z) = / wq(u)(logu — mg) du, Ru(x) := aWy(x) — W) (z). (5.3)
0
The definition gives W, (0) = 0, while the centering in (5.2) gives W, (1) = 0.
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For 0 < ¢ < 1, put d:=1— c and define

Tef =PV /01 f(x)c dw+7r\/§f(c), (5.4)

€r —

whenever the principal value exists. The main task of this section is to prove

TRy, > 0, 0<e< 1.

5.1. Boundary values of the kernel. Define

Galt) =) é‘k]i“)tk, y(t) == (1 Lt)z, 0<Jt| <1, (5.5)
k>1

where ag(a) is given by (3.4). The Joukowski map converts the kernel into a Stieltjes transform
with controlled boundary values.

Proposition 5.1. Let a > 1. Let H, be defined by (3.17), and let Wy, Ry, G4, and v be defined
by (5.3) and (5.5). Then

_t—1 (' Ry(x)
Halt) = 2t Jo z—~(t)

If0 < 0 <7 and c := cos® %,d := sin® g, then

Re H,(¢) = d T.R,, (5.7)

dz, 0<|t| <1. (5.6)

where 7. is defined by (5.4).
Proof. Using (3.3) and (3.4), followed by the substitution = = cos?(¢/2), we obtain
1
ag(a) = / wa(z) Tr(22 — 1) dz,
0

where T}, is the kth Chebyshev polynomial. Since W) = —w,(log x —m,) and W, vanishes at both
endpoints, differentiation under the integral sign and then integration by parts yield

1
ag(a) = Qk/ Wo(z) Up—1(22 — 1) dz. (5.8)
0
Here Uy denotes the Chebyshev polynomial of the second kind. We use the generating function
. 1
()t = ————— t 1
ZU](:C) 1—21375-}-7527 H< )
Jj=0
see | , p- 449, Eq. (18.12.10)].

The integrable majorant z%~1/2(1 — z)~1/2(1 4 |log z|) justifies differentiation under the integral
sign. Moreover,
Uj(s)[ <j+1, —-1<s<1,
and W, € L'(0,1). Hence, for every fixed [t| < 1,

1
Z W“/ (Wa(2)||U; (22 — 1)| dz < [[Wall£1(0,1) Z(j + )|t < oo
7>0 0 5>0

Thus Tonelli’s theorem | , p. 67, Theorem 2.37(a)], applied to the absolute values, shows that
the resulting series is absolutely integrable; Fubini’s theorem | , p. 67, Theorem 2.37(b)] then
permits summation of (5.8) under the integral sign. Using the generating function of U;, we obtain

1 We(w)
Cult) = 5 /0 T a (5.9)
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From (5.5) and (3.17),

1+ )G ) +at™ —1)G(t) = dklia) ((a + k) tF =t — (a— k)tk)
k>1
= H,(t).
Set
L ! Wa(z) L ! Wa(z)
I (t) .—/0 T — dz, Ir(t) .—/0 0 — 272 dz.
By (5.9),

Gty = 31, ahn = -,

Since —(1 4 t)v'(t) = 1=ty(t), we obtain

1—

o (@h(®)+9(O1().

Ho (1) =

On the other hand, integration by parts, together with W,(0) = W, (1) = 0, gives

/1 xWy () dz = —v(t)I2(t).
0

() —z
Therefore
! Ry(x)
de = —ali(t) — v(t)I>(t
| 5 d = —an( ~ 2R 0.
and hence

_t—1 [' R(z)
H,(t) = 57 /Ox’y(t) dz.

This proves (5.6).
Now write ¢ = re, where 0 <r < 1and 0 <6 < . Since y(t) = 3 4+ 1 (t+¢71), we have

1
Sv(t) = 1 sinf < 0.

Thus, as 7 1 1, the point (¢) tends to ¢ = cos? g from the lower half-plane. The function R, is C!
on compact subintervals of (0,1). Moreover, the definitions of W, and R, give

Ru(z) = o(xa+1/2(1 + 1ogxy>> (x10),  Ra(z)= o((1 - x)*1/2) (z11).

Hence the endpoint contributions are absolutely integrable. Since z — v(re??) tends to (x — ¢) 4 0,
the Sokhotski—Plemelj formula | , Pp- 42-44], applied after inserting a cutoff supported near
¢, and ordinary dominated convergence on the complementary part, give

! Rq()

0 = —(t) x—c

1
dz — PV/ Ral@) dz — imR,(c).
0

Since £t = d + iv/cd, taking real parts in (5.6) gives (5.7). O

20
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5.2. The beta transform. Define

La(€) i= (1 — OTewa, 1= Zia - m (5.10)

The transform of the basic beta density is explicitly positive.

Lemma 5.2. Leta>1,0<c<1, andd=1—c. Let w, be the beta density defined by (5.1), let
Te be defined by (5.4), and let L,(c) and k, be defined by (5.10). Then

1
Lo(c) = Rac® + 2ad/ (c+dt*)*=1 dt > 0. (5.11)
0
Moreover,
ke < 2a, (5.12)
with equality only at a = 1.
Proof. Let U have density au“_ll(o,l)(u). Conditional on U = u, let X have the shifted arcsine
density
1(u,1) (:E)
m/(z —u)(1—x)

fu(x) =

For 0 < z < 1, the beta integral gives

/1 au® 1t f,(z) du
0

Thus the marginal density of X is wy.

We first take z € C\ [0, 1] as the Cauchy-transform parameter. Fubini’s theorem then applies to
the absolutely convergent double integral. The substitution x = u 4 (1 —u) sin? v gives the Cauchy
transform

' fule) do = ! ,
u T —% (u—z)(l—z)
with the branch positive for real z < w. In the boundary passage below we approach ¢ from the
lower half-plane. Thus, when u < ¢,

. ! fu(x) - ! fu(l‘) r—inf (¢
lim oy dz = PV/u d Julc).

elo J, ©— (c—ie xr—c

I
|
£
S]
&

This fixes the Sokhotski—Plemelj sign convention used below. We now distinguish the cases u > ¢
and u < c.

If u > ¢, then c lies outside the support of f,, and hence

1

1
fulz) dz = .

u T —C (u — C)d
-1

(u—z2)(1—2)

7qu=

If u < ¢, the two boundary values of at z = c are purely imaginary. Therefore

1
py [, o
w T—C
Moreover,
1
u C) = o/
ful©) T/ (c —u)d

so the second term in (5.4) gives

W\/gfu(c) = chc_iu.
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B c d 1
Ne—uw Vou—c {u>c}-

For z = ¢ — i€ in a fixed sufficiently small neighborhood of ¢, the preceding Cauchy kernels satisfy

Consequently, for u # ¢,

< Colu— | V2.

‘ 1
(u—2)(1-2)

Since au®'|u — ¢|~'/2 € L'(0,1), dominated convergence on the mixture side gives the lower
boundary value of the Cauchy transform of w,. On the other hand, w, is C' in a neighborhood of
c and is integrable at the endpoints. Hence a cutoff argument and the Sokhotski—Plemelj formula
[ , Pp. 42-44] give
1 1
lim wai(a:) dz = PV/ wa(2) dz — imw,(c).
elo Jog z— (c—ig) 0 T—cC

Comparing real parts with the boundary value of the mixture representation yields

1
e [ i
0o rT—C¢C (u—c)d

On the other hand, Tonelli’s theorem applied to the marginal identity at x = ¢ gives
C
wa(c) = a/ w1 (c) du
0
Adding m+/c/dwq(c) to the preceding principal-value identity therefore yields
1
dTew, = a/ w AT f du.
0

Consequently,

Lolc) = ay/e

du+a\f/ \/m

0 —_

= Kqc" + 2ad/ (c 4 dt*)*~t dt.
0

The first integral is a beta integral, and the second equality uses u = ¢ + dt?. This proves (5.11).
For (5.12), note that k1 = 2 and

d 1 1
dal zp(a+1)—¢<a+2>—a.
The digamma integral formula [ , p. 140, Eq. (5.9.16)] gives

Wa+1)—platt —/w‘ﬁn<ﬁ<1
“ “Ta)~ 0 et/241 2a

Thus a — K, /a is strictly decreasing, which proves the claim. O
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5.3. A positive Abel decomposition. The function R, need not have a fixed sign. The following
positive Abel decomposition resolves it into elementary pieces whose transforms can be controlled
individually.

Lemma 5.3. Let a > 1. Let Z, be defined by (5.1), and let W, and R, be defined by (5.3). There
are numbers

on(a) >0, Y dn(a) < oo, (5.13)
N>0
such that
Wala) = o 3 x(a)Fun (), (5.14)
4 N>0
where
Fyn(z) =2 Y21 —2)Y2(1 — (1 — )N+, (5.15)
If
R, n(z) :=aFy n(x) — xF(;7N(x), (5.16)
then
Ra(z) = Z]‘ N§>:05N(a)Ra7N(x). (5.17)

The series in (5.17) converges absolutely in L'(0,1). The series in (5.14) and (5.17), together with
their termwise derivatives, converge locally uniformly on (0,1).

Proof. Write y = 1 — z. Since the centered integrand in (5.3) has integral zero,

Wl —y) = 4 (1= )= 2p1210g(1 — v) — d
a( y)_Z 0( U) v (Og( U) ma) v.

Set @4(v) := (1 —v)*"/2(log(1 — v) —m,). The branch determined at v = 0 is analytic for |v| < 1.
If @6(v) =2 ;50 bjv, then termwise integration gives, for 0 <y < 1,

y b ,
U_l/Q(I)av dv = y'/? J J.
/ @) =

0

The series on the right is analytic for |y| < 1. Multiplication by the branch of (1 —y)~%~'/2 that
equals 1 at y = 0 therefore gives an analytic function 7, on the unit disk such that

1 .
Wa(z) = 7$“+1/2y1/27a(y), Taly) = Yty (5.18)
¢ 720
Substitution into W, = —w,(logz — my,) gives
1
=070 + (= (@ 1) 7als) = Tog(1 = 3) =
Comparing coefficients yields
a+j 1 .
to = —2mg, b= - ti——— (j > 1). 5.19

Motivated by the backward recurrence, define

0o k—1

~ 0+1/2 1
= . 2
i Z H a+/t k(a+ k) (5.20)
k=j+1 \f=j+1
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Every term is positive, and comparison with Zk>j k=2 gives absolute convergence and ?] — 0.

The sequence (£;) satisfies the backward form of (5.19). To identify its initial value, let ¥ ~
Beta(1/2,a + 1/2). Since 1 — Y has density w, defined in (5.1),

t=2)_ ((1/2)’” = 2E[—log(1 — Y)] = —2m, = to.
k>1

Here the exchange of expectation and series follows from monotone convergence applied to
Yk
—log(l-Y) = —.
E>1
Since the forward recurrence (5.19) uniquely determines its solution from tg, we have fj = t; for

every j > 0. Thus (5.20) gives the coefficients in (5.18), and in particular t; — 0.
The backward form of (5.19) is

j+3/2 1

=t —. 5.21
T R RS RSy 21
For j > 1, set E; :=1/[j(a —1/2)]. For K > 1, define
K k—1
(K) {+1/2 1 .
t = Z H 5 0 S ] S K7
j
i1 e @t ) Klatk)
so that t%() = 0. Tterating (5.21) downward, one obtains
(K) (k) _ J+3/2
t: ;s < E; = < —FF; =Fi;.
JH1 =T IS ek T G e O
Applying the same formula once at j = 0 gives t(()K) < Fj. Letting K — oo therefore yields
0< tj < Ej-‘rla ] > 0, tj — 0. (5.22)
Define
(5]'(@) = tj — tj+1. (5.23)
Equations (5.21) and (5.22) give
1 a—1/2
di(a) = — - — - tiy >0,
)= G D +D arie1ot
because tj11 < Eji2 < [(j + 1)(a —1/2)]7L. Since t; — 0, Abel summation gives
N
ra(y) = dn(a) > v, > dn(a) = to. (5.24)
N>0 5=0 N>0
Substituting (5.24) into (5.18) proves (5.14).
A direct differentiation of (5.15) gives
Ry n(x) = 2@ V2(1 =) V2N (1 — 1), (5.25)
where
1 3
ry(y) == 3 (N + 2) y V(N 4+ 1)y N2, (5.26)

Since ry(y) = $(1 —y™ 1) — (N +1)(1 — y)yV T, we have [ry(y)| < 3/2 on [0,1]. Together with
(5.13), this proves absolute L' convergence in (5.17). Let I € (0,1). The quantities N?(1 — z)V
are bounded uniformly for N > 0 and « € I. The explicit formulas (5.15) and (5.25) therefore
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give uniform bounds on I for F, n, FC’L,N, R, N, and RZ,N‘ Since )y dn(a) < oo, the Weierstrass
M-test proves the asserted local uniform convergence. O

5.4. The finite-basis inequality. For every integer m > 0, define the beta moments

1
Um(a) == /0 wa(z)(1 —2)™ do = mﬂ.
They satisfy
(a+m)vm(a) = (m — ;) Um—1(a), m > 1. (5.27)

We next prove that the transform is positive on every basis element in the Abel decomposition.

Lemma 5.4. Let a > 1, let N > 0 be an integer, and let 0 < ¢ < 1. Let Z, be defined by (5.1), let
Te be the transform in (5.4), and let R, n be defined by (5.16). Set

1
ja,N(C) = ?’TcRa,N' (528)

Then
Ja,N(c) > 0. (5.29)

Proof. Put d =1 — ¢. For every m > 0, polynomial division gives

r —C

m—1
(L—a)™  dm k m—1—k
=— - d(-q) :
k=0
where the sum is empty for m = 0. Applying 7. and using (5.10) yields
m—1
Telwa(x)(1 = 2)™] = d™ 'La(c) = Y d*vim_1-1(a), (5.30)
k=0

where the sum is empty when m = 0 and L, is defined by (5.10).
By (5.25)(5.26),

Z'Run(2) = wa(2)rn (1 — ).

Hence
1
Jaun(c) = 3 Tewq — (N + 2) Te[wa(2) (1 — )V H]
+ (N + 1)Te [wa(z)(1 — x)N+2] .
Applying (5.30), the coefficient of L,(c) is

1 3 1 1
N2 YN N1V 2 [ 2 N+1 N,
¥ ( +2)d + (N +1)d 53 <2+c( +)>d

For the remaining terms, (5.27) gives

3 N . N+1 .
(N T 2) S druy (@) = (N+1) S dvyar i(a)

k=0 k=0
N N+1
= az d*vny1_p(a) +c Z kd* vy 1 k(a).
k=0 k=1

Consequently,
Jan(€) = Lg(c)Cn(c) + aUn(a,c) + cVn(a, ),
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where
1 1
Cn(c) = 2 (2 + (N + 1)) dN, (5.31)
N N+1
Un(a,0) =Y duniip(a),  Vnla,e)=> kd" 'vyii_p(a). (5.32)
k=0 k=1

In particular, Uy and Vi are positive.
The base case. From (5.26),

Rao(z) = 2% V21 — )"V 22 <x — 1) .

2
Since zwg(x) = a:jf wat1(x),
_a+1/2 1\ Lg+1(c)
Jao(c) = o [1 + (c 2> 1o |- (5.33)

This is positive when ¢ > 1/2 because Lg41(c) > 0 by Lemma 5.2.
Suppose 0 < ¢ < 1/2 and set A =a + 1 > 1. Since t> < ¢ on [0, 1], Lemma 5.2 and (5.12) give

1
La(c) < mac + 24d / (c+d)A1 dt < 24 2(A — 1), (5.34)
0
The maximum of (A — 1)eA~1(1 — 2¢) on (0,1/2) is 2'74(1 — 1/A)? < 1. Hence
A c a_2(1-¢
— 2(A -1 .
(A—1)c < {9 2+ 2( )t < T 9%
Thus La(c) < 2d/(1 — 2c), and (5.33) again gives
Ja0(c) > 0. (5.35)
The induction step. Termwise subtraction in (5.31)—(5.32) gives
Uny1 —dUy = vnia(a),
Vni1 —dVy = Uy +d"
_ (L N
Cni1 dC’N—c<2d d >
With m = N + 1 and %,,(a, ) == 31" d*vp—k(a), we obtain
1
Jan+1(¢) —dTa n(€) = avpmyi(a) + cEp(a, €) + cLqg(c) (2d - dm> . (5.36)

If d™*! < 1/2, every term on the right is nonnegative and the first is positive.
Assume now that

1 1 1
E:=d >2, p: 2§€<O,Q>

Then d > 2=+ > 1/2 50 ¢ < 1/2. The last term in (5.36) is negative. After moving it to the
other side and dividing by ¢d™, it is enough to prove

Yml(a, 'm
(4, , avmn(a)

Ly(c)p < Im g (5.37)
The right-hand side is strictly larger than 1. Indeed, the term k& = m in %,,(a,c)/d™ equals
dmdyi,%(a) = 1, and all the remaining terms, including avy,+1(a)/(cd™), are strictly positive. On the

other hand, the same estimate as in (5.34) gives

Lo(c) <24 2(a—1)c" (5.38)
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Furthermore,
1-¢ c(l+d+---+dm) o
¢ - dm+1 =d
Since ¢ < 1/2, one has e|logc| > 1; moreover, d < 1. If @ > 1, then, with s = (a — 1)|log |,
=9 1 1
“)et = 2 < <l<=
(a=1)e |logc| ~ e|logc] d’
SO
1-¢
—1)c" <~ C<TS, 5.39
@-Der < § < (5.3

Set y:=(1—-¢&)/€ € (0,1). Then 2p =1 —y. For a > 1, equations (5.38) and (5.39) give
1-
Lao(c)p < (24 2y)——= 5 —1—y <1

When a = 1, formula (5.11) gives Li(c) = 2, and hence Li(c)p =1 —y < 1. Thus (5.37) holds in
all cases, and

ja,N-‘r-l(C) > dja,N(C)‘
Together with (5.35), this proves (5.29) by induction. O

5.5. Passage to the principal value. The preceding estimates allow us to pass to the principal
value and complete the range a > 1.

Proposition 5.5. Let a > 1. Let ¢, Rq, on(a), Jan(c), and H, be defined by (5.4), (5.3), (5.23),
(5.28), and (3.17), respectively. Then, for every 0 < c <1,

TRo = Z on(a)Ta,n(c) > 0. (5.40)
N>0
Consequently,
Re H,(z) > 0, z e D. (5.41)

Proof. For a function f € LI(O 1) that is locally Lipschitz near c,

/ J@) = Je) d +f()10glzc. (5.42)

Choose a closed interval I € (0, 1) whose interior contains ¢. From (5.25)—(5.26), there is a constant

C such that

Tr —cC

||Ra,NHLoo(I) + HRil,NHLOO(]) < C[ (N > 0)
For x € I, the mean-value theorem gives
RajN(iL‘) — Ra’N(C)

r —C

'ﬁC[, N > 0.

Outside I, the denominator is bounded away from zero. Moreover, (5.25) and |ry| < 3/2 give

xa_l/Q(l - :L')_l/Q, O<z<l,
uniformly in N. The preceding local uniform bound on I also gives

sup |Rq n(c)| < o00.
N>0

It follows that
Ra,N(w) - Ra,N(C)

r—cC
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has an integrable majorant on (0,1) \ I that is independent of N. Together with the mean-value
bound on I, this justifies termwise passage in the difference-quotient term in (5.42). The preceding

bounds imply
1
sup /
N>0Jo

Since Y N>0 dn(a) < oo, Fubini’s theorem applies to the difference-quotient series, while local
uniform convergence handles the value and residue terms. Hence

TRa= o S on(@)TeRan = 3 ox(@)Tun(o)

4 N>0 N>0

Ran(z) — Ran(c)

Tr —cC

dz < oo, sup |Rq n(c)| < oo.
N>0

The right-hand side is strictly positive by Lemmas 5.3 and 5.4. This proves (5.40).

Proposition 5.1 now gives Re Hy(e??) > 0 for 0 < 6 < m. Since the Taylor coefficients of H, are
real, the same holds on the lower open semicircle.

It remains to treat the two endpoints. First let ¢ = —r and r 1T 1 in (5.6). Then ~(—r) =
—(1—7)2/(4r) 1 0. From (5.3),

Wo(z) = O(x*/2(1 + |logz|)), Wi(z) = O(z2Y2(1 + |logzl)), =z 10,
Waz) = O((1 — 2)2), Wi(x) = O((1 - 2)2), =11,

Hence R,(x)/x € L'(0,1), and dominated convergence applies in (5.6). Since W,(0) = W, (1) = 0,
fol W!(z) dz = 0, and therefore

LR (4 1 " 1
H,(-1) :/0 Ra{g ) dx:a/o Wl;() dl':(l/o wa(x)(log z — mg)? dz > 0.

The last identity follows from Fubini’s theorem: absolute integrability is ensured by w,(z)(1 +
|logz|?) € L(0,1), and (5.2) gives

1 1
4%
/ Walz) dr = / wq(u)(logu — mg) logu du.
0 x 0
At the other endpoint, direct evaluation of (3.3) and the duplication formula give h,(1) = k4. The

differentiated Fourier series used in Proposition 3.2 converges absolutely and uniformly. Evaluating
it at 1 gives

On the other hand, (3.17) gives

Therefore
da
= Kq [@Z)(a—kl) —¢<a+;>] > 0.

Thus Re H, is harmonic in D, continuous on D, and positive on T. The minimum principle gives
(5.41) throughout D. O

Combining Proposition 5.5 with Section 4 completes the proof of Theorem 3.5.
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6. COMPLETION OF THE PROOF

We first assemble the preceding reductions under the simple-zero hypothesis, and then remove
that hypothesis by approximation.

Proposition 6.1. Let p satisfy the normalization (2.3), assume that its zeros on T are simple, and
set Qn(z) := 1+ 2". Then

I2ll,
1Qnll,

Fy(r) :=log (6.1)

s nondecreasing for r > 0.

Proof. Fix r = 2a > 0. Theorem 3.5 and the area identity (3.18) give Pa, (g, B) > 0. Proposition 2.4
therefore yields

D(pp,rllm) = D(p@,rllm).
Lemma 2.3 now gives Fy(r) > 0. O

To remove the simple-zero hypothesis, we perturb the arguments of the roots while preserving
their product.

Lemma 6.2. Let p satisfy (2.3), with arbitrary multiplicities among its zeros on T. Then there are
polynomials p, satisfying the same normalization, each with simple zeros on T, such that p, — p
coefficientwise and uniformly on T.

Proof. List the zeros with multiplicity as €1, ..., e, choosing the same real representative for
repeated zeros. For n > 2, set

. on+1 -
vji=J — 5 Zvj:O.
j=1

Let § > 0 be the least circular distance between two distinct original zeros, with § = 27 if there is
only one distinct zero. Choose €, | 0 so that ¢,(n — 1) < min{d/2, 27}, and define

YT (o i) '
pu(2) : J];[l(z e'\Wite J)

If ; = 0;, and j # k, then 0 < €, |v; — vy| < 27, so the corresponding perturbed roots are distinct.
If the two original zeros represented by 6; and 6, are distinct, then each corresponding perturbed
root moves by at most €,(n—1)/2 < §/4 in circular distance. Hence roots arising from two distinct
original clusters remain separated by more than §/2. Thus all zeros of p, are simple and lie on
T. Moreover, Zj vj = 0, so the product of the roots, and therefore the constant coefficient, is
unchanged. The polynomials p, are consequently monic with constant coefficient 1. Since all their
zeros are unimodular, they also satisfy p, = pJ; thus they have the normalization (2.3). Their roots
converge to those of p with multiplicity, so p, — p coefficientwise. Because the degree is fixed, the
convergence is uniform on T. For n = 1, no perturbation is required. (Il

We can now prove Theorem 1.1.

Proof. First suppose that p satisfies (2.3). Let p, be the approximants from Lemma 6.2. For
every fixed 0 < r < oo, uniform convergence on T gives ||p,|, — |lp|,. Fix 0 < s <t < oo.
Proposition 6.1 gives

lo

Pv |l vl
g < log :

1@nll 1@nll;
Passing to the limit ¥ — oo yields the same inequality for p. Hence F, in (6.1) is nondecreasing on
(0, 00).
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It remains to include the endpoints. Jensen’s formula gives

Ipllo = 1@nllg = 1.

To see continuity at 0, define X (¢) = log |p(¢)| when p(¢) # 0, and set X ({) = 0 on the finite zero
set of p. Then X is bounded above, belongs to L!(T,m), and "X = |p|” almost everywhere. For
0<r<1,

rX

X1 et —1

[§]

<|X| on{X <0},

' <X X| on {X >0}
The finite zero set is null, so the dominated convergence theorem gives

/eTde:1+r/de—|—0(r), r 0.
T T

Thus M,(r) = 1+r [ X dm+o(r). After taking logarithms and dividing by r, we obtain log ||p||. —
Jrlog|p| dm, and hence |[p||, = |[p|l,- The same argument applies to @,. At the other endpoint,
the usual L" limit on the probability space (T, m) gives

ol — Pl lI@nll, — 1@nlle  (r = 00).
Taking the appropriate one-sided limits in the positive-exponent inequality now extends it to every
pair 0 < s <t < o0.
Finally, let P be the original polynomial. By Lemma 2.1, p(z) = ¢P(nz) for some ¢ # 0 and
n € T. Rotation preserves every L” mean, while multiplication by c scales all means by the same
factor |c|. Therefore the ratio inequality for p is equivalent to the ratio inequality for P. O

7. CONSEQUENCES AND NEIGHBORING EXTREMAL PROBLEMS

For 0 < r < o0, set
Cr:=1+2|,, Co:=1, Coo := 2. (7.1)
Since z — 2" preserves the normalized Haar measure m, one has [|@y]|, = C,. The beta integral
gives
1 I(r+1)

2
e 1+e®"df = ——— /.
Cr 271'/0 1+ T(1+1/2)2

Cy = -, Cy =2, C, = 61/4,
T

In particular,

7.1. Reverse norm and coefficient inequalities. Theorem 1.1 first yields the following sharp
family of norm and coefficient inequalities.

Corollary 7.1. Let

n n
p(Z) :Zakzk = an H(Z_Cj)v KJ| =1, (72)
k=0 j=1
be a nonzero polynomial of degree n > 1. Let C, be defined by (7.1).
(i) For every 0 < s <t < oo,
Cy
pll, = = |Ipll.. 7.3
Il = & liplly (7.3)
The constant Cy/Cs is sharp.
(ii) For every 0 <r < oo,
2
jaol + lan| < =~ lIpll; - (7.4)
T

Thus the constants for r = 1,2,00 are 7/2, V/2, and 1, respectively.
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(iii) One has

Il > 21pllz = 22 Jax]*. (7.5)

More generally, if m is a positive integer and p(z ) i bezt, then

m

lp || (TZ |bel?. (7.6)
m =

(iv) For every integer m > 1,

/T pl™ dim > (;"Z) ( /T 1l dm)m. (7.7)

For m = 2, this is the convolution inequality
2

| 2 e 2(2\%\2) (78)

=0 | u+v=~L
0<u,v<n

The constants in (i)—(iv) are attained by p(z) = ¢(2" — w) with ¢ # 0 and |w| = 1.

Proof. Equation (7.3) is Theorem 1.1, because ||Q,||, =
For (7.4), Jensen’s formula and (7.2) give

Ipllo = lanl,  laol = lan].

Apply (7.3) with (s,t) = (0,r). The case r = co agrees with Visser’s classical inequality [ ,
p. 279, Theorem 3.

Taking (s,t) = (2,00) proves (7.5); this is the O’Hara-Rodriguez inequality [ , D- 333,
Corollary 1]. Taking (s,t) = (2m, o0) and using C3™ = (2;:) gives (7.6), because

mn
2 2
Ipllzm = 1™ 15 = Y Ibel*.
=0

Finally, (s,t) = (2,2m) gives (7.7); Parseval’s identity applied to p? gives (7.8).
For p(z) = ¢(2" — w), rotation invariance gives ||p||, = |c|C; for every 0 < r < oco. Hence all
constants asserted in the corollary are attained. O

7.2. Erd8s—Szekeres products. Applying the L?-to-L> comparison to a product of cyclotomic
factors gives the following consequence.

Corollary 7.2. Let N > 1 and let s1,...,Sn be positive integers. Define Py(z) := H;-Vzl(l —2%) =
> brzk. Then

IPvlIZ =2 [0el? D 1wl > 2N, (7.9)
k k
and therefore
| Py, > 2VN. (7.10)
Proof. Every zero of Py lies on T, so the first inequality in (7.9) is (7.5). Moreover, zPy(z) €
Z|[z] has zero constant term and is divisible by (1 — 2)". Tang’s theorem | , Pp. 3384-3385,

Theorem 3.2], applied to zPy, gives

Z’ |(2Py (2 ’22]\7,
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where [2¥]F(z) denotes the coefficient of z* in the polynomial F(z). Multiplication by z only shifts

the coefficient sequence, so
2
S|P )| =D el
k k

Combining this with the first inequality in (7.9) proves (7.10). O

7.3. A mixed derivative inequality. The extremal derivative identity for unimodular-zero poly-
nomials combines with Theorem 1.1 as follows.

Corollary 7.3. Let p be as in (7.2), and let C, be defined by (7.1). Then, for every 0 < r < oo,

oo n n

[l = 5 e = - ol (7.11)
The constant n/C, is sharp. In particular,

p , ™m , n
1]l = nlanl, ([Pl = Mol (Y] = 75 Il

Proof. Since p has no zero in D, the Erdés-Lax theorem gives ||p/|| ., < (n/2) |||l [ , pp. 509—
513]. Since all zeros of p lie in D, Turan’s reverse inequality gives the opposite bound | , p- 90,
Satz I]. Hence equality holds in the first part of (7.11); see also | , p. 332, Theorem 1]. The
second part follows from (7.3) with t = co. For p(z) = ¢(z" — w), both inequalities are equalities,
so the constant is sharp. O

7.4. Logarithmic variance and power sums. For the zeros in (7.2), define
Sei=) ¢, k>1 (7.12)
j=1

The behavior of the norm ratio at the zero exponent gives a sharp logarithmic variance bound.

Corollary 7.4. Let p and Sk be defined by (7.2) and (7.12). Then

2

/(log p| — log|an|)? dm > (7.13)
T 12

and equivalently

o Sk _ 7
>z (7.14)
k=1

FEquality holds when the zeros form a regular n-gon.

Proof. For a nonzero polynomial f, define Y;(¢) := log|f(¢)| when f({) # 0, and set Y¢(¢) := 0
on its finite zero set. Then Yy € L4(T,m) for every finite ¢, its positive part is bounded, and
e"Ys = | f|" almost everywhere. On {Y; < 0} and for 0 < r < 1,

242
rYf.

)

0<e™ —1—7Y; <

on {Y; > 0} the same remainder is bounded by C fT‘QYfQ , because YfJr is bounded. The dominated
convergence theorem therefore yields

2
/e’"Yf dm = 1+T/Yf dm—i-g/Yf2 dm + o(r?).
T T T
Taking the logarithm and dividing by r gives

log || f1l, :/TYf dm—i—%Varm(Yf)—i—o(r) (r0), (7.15)
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where Var,,(Y) := [ Y2 dm — ([; Y dm)2 denotes the variance with respect to m. Set

E(r) == log |pll, — log [|@nl],.-

By Theorem 1.1, F(r) > F(0) for every r > 0. Equation (7.15) shows that the right derivative
F’(0+) exists; dividing F(r) — F(0) > 0 by r and letting r | 0 gives F'(0+) > 0. Hence

Vary, (log |p|) > Vary, (log |Qx])-

Jensen’s formula gives [ log|p| dm = log |a,|, while

) & -1 k—1
log |1+ €| = Z (/2 cos(k@) in L?(0,2m).
k=1

Because z +— 2" preserves the normalized Haar measure m, the variance of log|Q,| equals that
of log |1 + z|. Parseval’s identity therefore gives Var,,(log|Q.|) = %Zk>1 k=2 = 72/12, proving
(7.13). -

For each unimodular (j,

o
. 1 g
log e” — ¢j| = — k§_1 S Re( "e*?) in L2(0,2n).
Summing over j and applying Parseval gives

2 1 o= | Sk/?
/T(log\p|—log\an) dm:2; 2

Thus (7.14) is equivalent to (7.13). If the zeros form a regular n-gon, then S; = 0 unless n | k,
while |S;j,| = n; equality follows. O

7.5. Relative entropy at every exponent. Differentiating the monotone norm ratio at a positive
exponent recovers the entropy comparison itself.

Corollary 7.5. Let p be as in (7.2), and set Qn(z) := 1+ 2". Forr >0 and f € {p,Q,}, define
prr by (2.9). Then
D(pprlm) = D(pq,.rlm), — r>0. (7.16)

Equality is attained by p(z) = c¢(2" — w) with ¢ # 0 and |w| = 1.

Proof. The function r +— log||p||, — log ||@Qx]||, is differentiable for » > 0 and nondecreasing by
Theorem 1.1. Its derivative is therefore nonnegative. Lemma 2.3 identifies 72 times that derivative
with the left-hand side minus the right-hand side of (7.16).

For p(z) = ¢(2™ — w), multiplication by ¢ cancels in the normalized density. Choose n € T with

n" = —w; then |(nz)" —w| = |1+ 2"|. Rotation invariance therefore shows that p,, and pg, » have
the same entropy, proving the equality assertion. ]
REFERENCES

[AM21]  J. Agler and J. E. McCarthy, The Krzyz conjecture and an entropy conjecture, J. Anal. Math. 144 (2021),
207-226, doi:10.1007/s11854-021-0178-z.

[AR55] N. C. Ankeny and T. J. Rivlin, On a theorem of S. Bernstein, Pacific J. Math. 5 (1955), no. 6, 849-852,
doi:10.2140/pjm.1955.5.849.

[Are82] V. V. Arestov, On integral inequalities for trigonometric polynomials and their derivatives, Math. USSR~
Izv. 18 (1982), no. 1, 1-17, doi:10.1070/IM1982v018n01ABEH001375.

[Are90] V. V. Arestov, Integral inequalities for algebraic polynomials on the unit circle, Math. Notes 48 (1990),
no. 4, 977-984, doi:10.1007/BF01139596.

[Bae74]  A. Baernstein II, Integral means, univalent functions and circular symmetrization, Acta Math. 133 (1974),
139-169, doi:10.1007/BF02392144.

[BR62] R. P. Boas, Jr., and Q. I. Rahman, L? inequalities for polynomials and entire functions, Arch. Ration.
Mech. Anal. 11 (1962), 34-39, doi:10.1007/BF00253927.


https://doi.org/10.1007/s11854-021-0178-z
https://doi.org/10.2140/pjm.1955.5.849
https://doi.org/10.1070/IM1982v018n01ABEH001375
https://doi.org/10.1007/BF01139596
https://doi.org/10.1007/BF02392144
https://doi.org/10.1007/BF00253927

[BS47]

BAERNSTEIN QUASI-NORM MONOTONICITY 31

N. G. de Bruijn and T. A. Springer, On the zeros of composition-polynomials, Indag. Math. 9 (1947),
406-414.

[EKMR14] O. El-Fallah, K. Kellay, J. Mashreghi, and T. Ransford, A primer on the Dirichlet space, Cambridge Tracts

[Erd40]
[EHP58]
[ES59]
[ET50]
[Fol99]
[GR14]
[Har15]

[Krz68]
[Lax44]

[LZ26]

[Mus58]

[Nor68]
[OR74]

[OLBC10]

[Pril7]

[RSSS]

[RS02]

[Tan26)
[Tao025]

[Tur40]
[Visd5]

in Mathematics, vol. 203, Cambridge University Press, Cambridge, 2014, doi:10.1017/CBO9781107239425.
P. Erdds, On extremal properties of the derivatives of polynomials, Ann. of Math. (2) 41 (1940), no. 2,
310-313, doi:10.2307/1969005.

P. Erdés, F. Herzog, and G. Piranian, Metric properties of polynomials, J. Anal. Math. 6 (1958), 125-148,
doi:10.1007/BF02790232.

P. Erdés and G. Szekeres, On the product [];_,(1 — 2%¢), Acad. Serbe Sci. Publ. Inst. Math. 13 (1959),
29-34.

P. Erd8s and P. Turdn, On the distribution of roots of polynomials, Ann. of Math. (2) 51 (1950), no. 1,
105-119, doi:10.2307/1969500.

G. B. Folland, Real analysis: Modern techniques and their applications, 2nd ed., Pure and Applied Math-
ematics, John Wiley & Sons, Inc., New York, 1999.

1. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, 8th ed., D. Zwillinger and
V. Moll (eds.), Academic Press, Amsterdam, 2014.

G. H. Hardy, The mean value of the modulus of an analytic function, Proc. London Math. Soc. (2) 14
(1915), no. 1, 269-277, doi:10.1112/plms/s2_ 14.1.269.

J. G. Krzyz, Coefficient problem for bounded non-vanishing functions, Ann. Polon. Math. 20 (1968), 314.
P. D. Lax, Proof of a conjecture of P. Erdds on the derivative of a polynomial, Bull. Amer. Math. Soc. 50
(1944), 509-513, doi:10.1090,/50002-9904-1944-08177-9.

J. Lei and T. Zhang, Proof of the Agler—McCarthy entropy conjecture, arXiv:2605.03949v2 (2026), 15 pp.,
doi:10.48550/arXiv.2605.03949.

N. I. Muskhelishvili, Singular integral equations: Boundary problems of functions theory and their appli-
cations to mathematical physics, Wolters—Noordhoff Publishing, Groningen, 1958; reissued by Springer,
Dordrecht, 2012, doi:10.1007/978-94-009-9994-7.

E. A. Nordgren, Composition operators, Canad. J. Math. 20 (1968), 442-449, doi:10.4153/CJM-1968-040-
4.

P. J. O’Hara and R. S. Rodriguez, Some properties of self-inversive polynomials, Proc. Amer. Math. Soc.
44 (1974), no. 2, 331-335, doi:10.1090/50002-9939-1974-0349967-5.

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (eds.), NIST handbook of mathematical
functions, U.S. Department of Commerce, National Institute of Standards and Technology, Washington,
DC, and Cambridge University Press, Cambridge, 2010.

1. E. Pritsker, Inequalities for integral norms of polynomials via multipliers, in Progress in Approximation
Theory and Applicable Complex Analysis (N. K. Govil, R. N. Mohapatra, M. A. Qazi, and G. Schmeisser,
eds.), Springer Optim. Appl., vol. 117, Springer, Cham, 2017, pp. 83-103, doi:10.1007/978-3-319-49242-
1 5.

Q. I. Rahman and G. Schmeisser, L? inequalities for polynomials, J. Approx. Theory 53 (1988), no. 1,
26-32, do0i:10.1016/0021-9045(88)90073-1.

Q. I. Rahman and G. Schmeisser, Analytic theory of polynomials, London Mathematical Soci-
ety Monographs, New Series, vol. 26, Clarendon Press, Oxford University Press, Oxford, 2002,
doi:10.1093/0s0,/9780198534938.001.0001.

Q. Tang, An improved lower bound for Erd6s—Szekeres products, Proc. Amer. Math. Soc. 154 (2026), no. 8,
3381-3388, doi:10.1090/proc/17668.

T. Tao, The mazimal length of the Erdés—Herzog—Piranian lemniscate in high degree, arXiv:2512.12455v2
(2025), 56 pp., doi:10.48550/arXiv.2512.12455.

P. Turan, Uber die Ableitung von Polynomen, Compos. Math. 7 (1940), 89-95.

C. Visser, A simple proof of certain inequalities concerning polynomials, Nederl. Akad. Wetensch. Proc.
48 (1945), 276-281; Indag. Math. 7 (1945), 81-86.

SCHOOL OF MATHEMATICS AND STATISTICS, XI’AN JIAOTONG UNIVERSITY, XI’AN 710049, P. R. CHINA
Email address: teng.zhang@stu.xjtu.edu.cn


https://doi.org/10.1017/CBO9781107239425
https://doi.org/10.2307/1969005
https://doi.org/10.1007/BF02790232
https://doi.org/10.2307/1969500
https://doi.org/10.1112/plms/s2_14.1.269
https://doi.org/10.1090/S0002-9904-1944-08177-9
https://doi.org/10.48550/arXiv.2605.03949
https://doi.org/10.1007/978-94-009-9994-7
https://doi.org/10.4153/CJM-1968-040-4
https://doi.org/10.4153/CJM-1968-040-4
https://doi.org/10.1090/S0002-9939-1974-0349967-5
https://doi.org/10.1007/978-3-319-49242-1_5
https://doi.org/10.1007/978-3-319-49242-1_5
https://doi.org/10.1016/0021-9045(88)90073-1
https://doi.org/10.1093/oso/9780198534938.001.0001
https://doi.org/10.1090/proc/17668
https://doi.org/10.48550/arXiv.2512.12455

	1. Introduction
	1.1. Baernstein's conjecture and its consequences
	1.2. Relation to previous work
	1.3. Sketch of the proof and organization of the paper

	2. Normalization and entropy reduction
	2.1. Self-inversive normalization and the polar factor
	2.2. Differentiation in the exponent
	2.3. The centered polar term

	3. A boundary-to-area identity
	3.1. The model Fourier coefficients
	3.2. Fourier reduction
	3.3. The Dirichlet recurrence
	3.4. The universal kernel

	4. Kernel positivity for 0<a<=1
	5. Kernel positivity for a>=1
	5.1. Boundary values of the kernel
	5.2. The beta transform
	5.3. A positive Abel decomposition
	5.4. The finite-basis inequality
	5.5. Passage to the principal value

	6. Completion of the proof
	7. Consequences and neighboring extremal problems
	7.1. Reverse norm and coefficient inequalities
	7.2. Erdős–Szekeres products
	7.3. A mixed derivative inequality
	7.4. Logarithmic variance and power sums
	7.5. Relative entropy at every exponent

	References

