SHARP RECIPROCAL-MOMENT INEQUALITIES FOR CRITICAL
POINTS OF POLYNOMIALS WITH COLLINEAR ZEROS

TENG ZHANG

ABSTRACT. Let p be a complex polynomial of degree n > 2 whose zeros lie on one affine line,
let a be a zero of p, and let w1, ..., wn—1 be the critical points of p, counted with multiplicity.
If D > 0 is the diameter of the zero set, then for every real number A > 1,
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where a term with w; = a is interpreted as +oco. The constant is sharp. For A = 1, equality
holds precisely when a is one endpoint of the zero interval and all the remaining zeros coincide
at the other endpoint; for A > 1, equality holds precisely in degree two. Since a collinear
zero set contained in the closed unit disk has diameter at most two, the theorem proves the
Tang—Zhang reciprocal-moment strengthening of Sendov’s conjecture for every polynomial
with collinear zeros. The proof is elementary: weak Rolle interlacing separates the positive
and negative parts of the logarithmic-derivative identity at the distinguished zero, after which
a one-dimensional diameter estimate and the power-mean inequality complete the argument.

1. INTRODUCTION

The geometric relation between the zeros of a polynomial and the zeros of its derivative
is one of the classical themes of one-variable complex analysis. The Gauss—Lucas theorem
gives the fundamental convex-hull inclusion, while Rolle’s theorem gives the much more rigid
alternation of zeros and critical points in the real case. Standard accounts may be found in
Marden’s monograph [Mar66, Chapter II] and in Rahman and Schmeisser [RS02]; broader
surveys of the Sendov problem are given by Marden [Mar83] and Rahman and Schmeisser
[RS02]. Related global comparison principles include Schoenberg’s conjectural analogue of
Rolle’s theorem [Sch86], Schmeisser’s majorization theorem [Sch04], and Totik’s survey of the
geometry and distribution of critical points [Tot21].

Sendov’s conjecture asserts that if all zeros of a polynomial lie in the closed unit disk,
then every zero has a critical point within distance one. Early special cases and structural
estimates were obtained by Brannan [Bra68|, Rubinstein [Rub68], Meir and Sharma [MS69],
Schmeisser [Sch69, Sch71], Saff and Twomey [ST71], and Phelps and Rodriguez [PR72]. Quan-
titative, variational, and degree-dependent developments include the work of Bojanov, Rah-
man, and Szynal [BRS85], Miller [Mil90, Mil08], Borcea [Bor98], Brown and Xiang [BX99],
Dégot [Degl4], Chalebgwa [Cha20], Sofi, Ahanger, and Gardner [SAG20], Tao [Tao22], and
Zhang [Zha26]. A recent preprint of Mazur presents a computer-assisted proof based on recip-
rocal critical-point coordinates, an antiderivative polynomial, finite-product defect estimates,
and exact scalar certificates [Maz26].

The collinear-zero case has a particularly transparent history. Phelps and Rodriguez proved
the ordinary Sendov conclusion for polynomials with real zeros [PR72, Theorem 6]. Sofi and
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Shah later treated zeros lying on a line or a circle [SS23]. Miller obtained the quantitative
refinement

d(p, @) <1~ Jlal(1 ~ Ja]

for the line case, in the usual normalization of the unit disk [Mil25, Theorem 7]. The sur-
rounding real-polynomial geometry is also connected with the work of Brown and Powell
[BPO7].

More recently, Tang and Zhang proposed a moment-theoretic strengthening of Sendov’s con-
jecture. Their formulation is local at a prescribed zero and belongs naturally to the family of
negative-order Schoenberg-type inequalities considered in their work [TZ25, Conjecture 1.10].

Conjecture 1.1. Let p be a polynomial of degree n > 2 whose zeros lie in the closed unit disk,
let a be a zero of p, and let wy,. .., w,_1 be the zeros of p', counted with multiplicity. Then,
for every A > 1,

The purpose of the present paper is to establish Conjecture 1.1 completely for polynomials
whose zeros are collinear. In fact, the one-dimensional geometry yields a stronger, scale-
invariant inequality in which the unit-disk normalization disappears altogether. The natural
geometric quantity is the diameter of the zero set.

Theorem 1.2. Let p be a polynomial of degree n > 2 whose zeros are contained in a line in
the complex plane, and suppose that the diameter D of its zero set is positive. Let a be any
zero of p, and let wy,...,w,_1 denote the zeros of p’, counted with multiplicity. Then, for

every A > 1,
9\
Z\a—wm—("‘”<D> |

The constant is sharp.

Since a subset of the closed unit disk has diameter at most 2, Theorem 4.1 immediately
implies Conjecture 1.1 for every polynomial with collinear zeros. The stronger dependence on
D also shows that the unit-disk estimate is not the intrinsic one-dimensional statement: the
relevant scale is the diameter of the zero set rather than the radius of an ambient disk.

We shall also determine all equality cases in Theorem 4.1. No distinctness assumption is
imposed on the zeros of p or on the critical points, and all zeros and critical points are counted
with their algebraic multiplicities throughout.

The proof of Theorem 4.1 has two ingredients. First, Rolle interlacing and the logarithmic
derivative yield a signed reciprocal-balance inequality at the distinguished zero. Second, the
number of zeros on the two sides of a forces one of the two signed reciprocal masses to be at
least (n — 1)/D. The power-mean inequality then gives every exponent A > 1. The argument
also clarifies the role of the antiderivative coordinates used by Mazur: in the collinear case,
their complex phases reduce to signs, and interlacing supplies exactly the sign separation
needed to pass from an algebraic identity to an absolute-value estimate.

Al statement. This manuscript was prepared with the assistance of ChatGPT 5.6 Sol Chat.
AT assistance was used in developing the text, mathematical exposition, and bibliography. The
author substantially reviewed, revised, and modified the Al-generated content and assumes
full responsibility for the final version of the manuscript.



RECIPROCAL MOMENTS FOR COLLINEAR ZEROS 3

2. INTERLACING ON A LINE

A finite subset of C is called collinear if it is contained in an affine line. Rigid motions of the
plane preserve zero—critical-point distances and commute with differentiation up to a nonzero
scalar. Consequently, whenever the zeros of p are collinear, we may rotate and translate the
common line to the real axis and then multiply the polynomial by a nonzero constant. We
shall use this reduction without further comment.

The following weak form of Rolle interlacing includes all multiplicities and is the only
location theorem required below.

Lemma 2.1. Let p be a real polynomial of degree n > 2. List its zeros with multiplicity as
1 <29 < -vs Sy
Then the zeros of p' can be listed with multiplicity as
N<y2<--<Yn1
so that
i <Y < Tiqa, 1<i<n-1
If z; < 41, at least one critical point lies in the open interval (i, xiy1).
Proof. Let &1 < --- < & be the distinct zeros of p, with multiplicities p1, . . ., us. The derivative
has a zero of multiplicity u, — 1 at &, and Rolle’s theorem supplies at least one zero of p’ in

every open interval (&.,&,41). These account for

S

=1+ (s=1)=n—1

r=1

zeros, which is the full degree of p’. Ordering these zeros gives the asserted weak interlacing.
The final statement is the ordinary strict form of Rolle’s theorem on an interval with distinct
endpoints. O

The interlacing lemma is a location statement. To obtain the reciprocal-moment estimate,
we next combine it with an exact algebraic identity at a prescribed simple zero.

3. SIGNED RECIPROCAL BALANCE

Let a = x, be a simple zero of the real polynomial p. With the notation of Lemma 2.1, put

i<k i>k
and
Q=Y — >
- ) + = PR
ik T Y sk i A

Empty sums are understood to be zero. Since a is simple, none of the denominators involving
1y; vanishes.

Proposition 3.1. In the preceding notation,
Q->P., Qi>P., Q —Qi=2P —P) (3.1)

Consequently,

n—1
1
> pp— =Q_+ Q. >2max{P_, P} (3.2)
j=1 J
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Proof. For i < k, interlacing gives z; < y; < a, hence

1 1
>

a—yi  a—m;

For @« > k, it gives a < y; < x;41, hence
1 1
> .
Yi—a  Tiy1 —a
Summation proves the first two inequalities in (3.1).
Write p(z) = (2 — a)g(z). Since g(a) # 0,

p'(a) _,9'(a) _ 23" L _op - P

V@)~ Cgle) T Za-a

On the other hand, factoring p’ at its zeros gives

pla) =1
P (a) :;a—yj .

This proves the identity in (3.1).
If P~ > P, then
Q-+Q+=2Q4++2(P-—Py) >2P_.
If Py > P_, the symmetric calculation gives Q_ + Q4+ > 2P;. Thus (3.2) follows. O

The preceding proposition separates the proof into an algebraic signed-balance identity and
a one-dimensional geometric estimate. The latter can be stated in a count-sensitive form
before the diameter is introduced.

Corollary 3.2. Let a = x1, B = x,, and suppose that a = xy, is simple. Put £ = k — 1 and

r=n—k. Then
o 14 r
Z >2maxq ——,— .,
jzlla—yj\ a—a’ f—a

where a quotient with zero numerator is omitted.

Proof. Every zero to the left of a is at distance at most a — a, and every zero to the right is
at distance at most 5 — a. Hence

14 r

)
a—«

P>
The conclusion follows from Proposition 3.1. O

4. THE SHARP DIAMETER INEQUALITY

We now return to complex polynomials with collinear zeros. For a finite multiset Z C C,
its diameter is
diam Z := max{|z — (| : 2,{ € Z}.

Multiplicity does not affect the diameter.

Theorem 4.1. Let p be a complex polynomial of degree n > 2 whose zeros are collinear, and
suppose that its zero set has diameter D > 0. Let a be a zero of p, and let wy, ..., wp—1 be the
zeros of p', counted with multiplicity. Then, for every real number X\ > 1,

(| 2\
Y merz e (3) -y



RECIPROCAL MOMENTS FOR COLLINEAR ZEROS 5

If a = w; for some j, the corresponding term is interpreted as +oo.

Proof. If a is a multiple zero of p, then p’(a) = 0 and the left-hand side of (4.1) is infinite. We
may therefore assume that a is simple.

Apply a rigid motion sending the common zero line to R. Order the zeros as in Lemma 2.1,
with a = xj, and write

a=x, B = xp, D=p—a, {=Fk—1, r=n-—k.
If a=q, thenr =n—1 and Corollary 3.2 gives

2(n—1)
Z|a_y] D

The case a = ( is identical.
Suppose now that o < a < . Since £ +r =n — 1 and

(a—a)+ (B —a)=D,
at least one of the two inequalities
14 n—1 r n—1
— 2 ) >
a—a D b—a D
must hold. Indeed, if both failed, adding the resulting strict inequalities would give /+r < n—1.
Corollary 3.2 therefore yields
2(n —1)
: 4.2
Z la — w]| D (#2)

Set m=n—1andt; = |a— wj| 1. For A > 1, the power-mean inequality and (4.2) give
A
m m 92 A
A 1-X
Sizm (Yo) zm(3)
j=1 j=1
This is (4.1). O

The scale-invariant theorem immediately implies the reciprocal-moment conjecture in the
unit disk.

whose zeros are collinear

Corollary 4.2. Let p be a complex polynomial of degree n 2
> 1, and the critical points

and lie in the closed unit disk. For every zero a of p, every
Wiy -, Wp—1 Ofp7

>
A

>n—1. 4.3
Z la — w]]’\ =" (43)
Thus the Tang—Zhang conjecture holds for every polynomial with collinear zeros.

Proof. The diameter D of a subset of the closed unit disk satisfies D < 2. Therefore Theo-

rem 4.1 gives
ni L o (2) snot
— > (n— — n— 1.
:|a—wj|A* D) —

O

The same argument gives a sharp nearest-critical-point consequence, now normalized by
the actual zero diameter rather than by an ambient disk.
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Corollary 4.3. Under the hypotheses of Theorem 4.1, every zero a of p has a critical point
w satisfying
D
la —w| < —.
2
The constant 1/2 is best possible.

Proof. Taking A = 1 in Theorem 4.1, at least one of the n — 1 summands is at least 2/D. The
degree-two polynomial with two distinct zeros shows sharpness. O

5. EQUALITY AND RIGIDITY

The proof of Theorem 4.1 contains enough strictness to determine all equality cases. We
first treat the reciprocal first moment, where nontrivial equality is possible in every degree.

Proposition 5.1. Under the hypotheses of Theorem /.1, equality in (4.2) holds if and only
if, after a rigid motion and multiplication by a nonzero constant,

p(z)=(z=B)(z—a)"",  a=4,
or the reflected configuration with a = «. Here f — a = D.

Proof. The displayed polynomials have critical points o with multiplicity n — 2 and
(n—1)8+«
n
with multiplicity one. Their reciprocal first moment at a = 3 is therefore

n—2 n _2n-1)

D ' D D

so equality is attained.

Conversely, suppose equality holds and a = xj is simple. If zeros occur on both sides of
a, then Rolle’s theorem gives a critical point strictly inside each of the adjacent intervals
(k—1,a) and (a,xks1). In the proof of Proposition 3.1, this makes both inequalities Q_ > P_
and Q4 > Py strict. Hence (3.2), and therefore (4.2), is strict. Equality thus forces a to be
an endpoint of the zero interval.

Assume, for definiteness, that a = 8. Then P, = Q4 = 0, and the identity in (3.1) gives

n—1 1
——=Q_=2P_.
; la — yj]

Every other zero has distance at most D from a, so P— > (n—1)/D. Equality is possible only
when every one of those distances equals D, that is, when all remaining zeros coincide at «.
The case a = « is symmetric. O

The preceding rigidity statement combines with the strict convexity of the power mean to
settle every exponent.

Corollary 5.2. For A = 1, equality in (4.1) is characterized by Proposition 5.1. For X > 1,
equality in (4.1) holds if and only if n = 2.

Proof. When A > 1, equality in the power-mean step requires all numbers |a — w;|~! to be
equal. In the equality configuration of Proposition 5.1, these numbers are

1
D with multiplicity n — 2, % with multiplicity 1.

They are equal exactly when n = 2. Conversely, for a quadratic polynomial the unique critical
point is the midpoint of the two zeros, so equality holds for every A > 1. U
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We can now state the sharp equality classification in the unit-disk normalization of Corol-
lary 4.2.

Corollary 5.3. Suppose the zeros of p are collinear and lie in the closed unit disk.
(i) For A\ =1, equality in (4.3) holds if and only if, for some |(| =1 and ¢ # 0,

p(z) = c(z = )z + "

and the distinguished zero is a = (, or in the reflected configuration.
(ii) For A\ > 1, equality in (4.3) holds if and only if n = 2 and the two zeros are antipodal
points of the unit circle.

Proof. Equality in Corollary 4.2 requires equality in Theorem 4.1 and D = 2. Two points of
the closed unit disk are at distance two precisely when they are antipodal boundary points.
The conclusion follows from Proposition 5.1 and Corollary 5.2. U

6. ANTIDERIVATIVE COORDINATES

The argument above is self-contained, but it is useful to place it in the reciprocal-coordinate
framework that appears in recent work on Sendov’s conjecture. The next identity is the
antiderivative algebra used by Mazur [Maz26, pp. 3—4]|; its first-degree coefficient is also the
classical logarithmic-derivative identity associated with Meir and Sharma [MS69, pp. 459-467].

Proposition 6.1. Let

p(z):c(zfa)H(zfzi), m=mn-—1,

i=1
where a is a simple zero, and let w1, ..., wn, be the critical points. Define
1 1
Ty = ; qj = .
a — z; a — wj

Then

ﬁ (1+g;2) [zﬁ +riz)| . (6.1)

J=1 i=1
FEquivalently, for 0 <k <m,

ek(qh o aQTn) = (k + 1)€k(T17 o "Tm)u

where ey, is the kth elementary symmetric polynomial.

Proof. Direct factorization at a gives

W:Zﬁ<1+ajzi> ZZﬁ(1+TiZ)-

Pla i i1

Differentiating and factoring p’ at its zeros yields

Platz) _ ﬁ <1+ a_zw> = ﬁ(lJr%'Z)
i/

/
P'(a) e
which proves (6.1). Coefficient comparison gives the symmetric-function identities. O
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For k = 1, Proposition 6.1 gives

m m
D =2 r
j=1 i=1

For general complex configurations, this identity controls a signed complex sum and does
not by itself control the sum of moduli. In the collinear case, however, a rigid motion makes
every g; and r; real. Proposition 3.1 is precisely the additional order information that separates
their positive and negative parts. Thus the collinear proof may be viewed as the antiderivative
identity supplemented by the strongest possible one-dimensional phase information: the phase
set has collapsed to {0, 7}, and Rolle interlacing determines how the two signs are distributed.

This observation also explains why the diameter-normalized inequality is stronger than the
ordinary line-case form of Sendov’s conjecture. The algebraic identity supplies a factor of two,
while the zero counts on the two sides of a convert the larger signed reciprocal mass into the
geometric scale (n —1)/D.

7. CONCLUDING REMARKS

Theorem 4.1 gives a local negative-moment inequality at every zero, whereas classical ma-
jorization and Schoenberg-type inequalities usually compare global collections of zeros and
critical points. The sharp constant depends only on the diameter of the zero set and not on
the degree-dependent placement of the distinguished zero. In particular, the result simulta-
neously contains the ordinary Sendov conclusion, the stronger nearest-critical-point estimate
D/2, and the entire Tang—Zhang range A > 1 for collinear zeros.

The proof also indicates what is lost outside the collinear setting. The coefficient identity
(6.1) remains valid, but the reciprocal coordinates acquire arbitrary complex phases and there
is no Rolle ordering with which to separate the two signed masses. Any extension of the present
argument to noncollinear configurations would therefore require a genuinely two-dimensional
substitute for the order structure used in Proposition 3.1.
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