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Gauss—Lucas Theorem (1836, 1874)

Theorem (Gauss—Lucas)

Let p € C[z] have degree n > 2, with zeros z1, ..., z,. Then every critical
point of p lies in the convex hull of the zeros of p.

Thatis, p'(() =0 = (€ conv{z,...,2n}

zg./\ 29 e Zeros of p

Critical points

a=1 ) (zeros of p’)
X
% 1 Convex hull
{ ]
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Proof. Write .
p(z) =c]](z - 2).
j=1

Let p'(¢) = 0. If p(¢) = 0, the conclusion is immediate. Otherwise,

Taking complex conjugates and rearranging,

R e
L T |

Hence ( is a convex combination of z1,..., z,.
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Sendov's Conjecture (1958)

Conjecture (Sendov)

Let p € C[z] have degree n > 2, with all zeros in the closed unit disk
D:={z € C:|z| <1}. For every zero a of p, there exists a critical point
¢ of p such that |a — ¢| < 1.

2] <1

e Zeros of p

Critical points
(zeros of p')

- e-1 <1
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Progress by Degree

©

©

n=3,4
n<bj
n=
n =
n <8
n > ng

n>1 0200000

All n >3

(Rubinstein, 1968)
(Meir-Sharma, 1969)
(Brown, 1991)

(Borcea, 1996)
(Brown—Xiang, 1999)
(Tao, 2020)

(Zhang, 2026)

(Mazur, 2026; Tao, digest)
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Phelps—Rodriguez Conjecture (1972)

Conjecture (Phelps—Rodriguez)

Let p € C[2] have degree n > 2, with all zeros in the closed unit disk D.
For every zero a of p, there exists a critical point { of p such that
la — ¢| <1, unless p = c(z"™ — a™) and |a| = 1, where ¢ € C.

e Zeros of p

Critical points
(zeros of p')

-1
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The Proof at a Glance

The Interior Case of Sendov’'s Conjecture

For every zero a € [0,1) of p, there exists a critical point ¢ such that |[( —a| < 1.

Assume every critical point satisfies [( — a|] > 1

|

z; € ﬁ, q; = (a—Cj)_l e D

|

| |
| |
| Algebraic identities from p and 7/ }
| |
| |

|

Two integral inequalities: polar and origin

|

No choice of the remaining two real parameters is feasible

Proof due to Lech Mazur (2026), reorganized and streamlined in Tao's exposition.

T. Zhang (XJTU) Sendov's Conjecture October 23, 2026



Step 1. Normalize a Hypothetical Counterexample

By rotation, take a € [0,1). Write the zeros as

n—1

p(z)=(z=a) [|(z=2),  [5[<L

<.
Il

If a = 0, comparing the factorizations of p/(0) gives n H;.:ll 1G] = H;L:_ll |z;] <1,

so some |(;| < 1. Henceforth 0 < a < 1. Assume no critical point lies in the open
disk D(a,1): |a — {;| > 1. Write the critical points as

1 1
G=a——, ¢=—"%+, g < 1.
qj a—gG

Thus, we now have two collections of points:

ZlyeeeyZn—1 and q1y- -y qn—1 -
N——— —_—————
Remaining zeros Transformed

of p critical points

Can two collections of points in the closed unit disk simultaneously satisfy
all the algebraic relations imposed by a polynomial and its derivative?
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Normalize p to be monic, and set N =n — 1. We have

qj

p(z)—(za)ljj(zzj)—n(za)/olljjl(t(za)Jrl_) dt.

In terms of In terms of
Zlseens ZN q1s--9dN

In terms of
In terms of q1;--9N
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Recall that

Parameterize the line segment from a to z by w =a+t(z —a),0 <t <1, so
that dw = (z — a) dt. Consequently,

z 1
we) = [ Pwdo=(-a) [ platic-a)a

1 N

:n(z—a)/o H(t(z—a)+1_) dt.

j=1 9
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Step 3a. Polar Integral ldentity

Centroid Identity (comparing coefficients).

i_ii Y
n _Nj:1 :

a;

The mean of the zeros of p equals the mean of the zeros of p’.

Polar Integral Identity (Comparing p(1/a)/p'(a))

1a—zj /Ha+t1—a )q;) dt.

Jj=

For any |z;| <1,
11— az|® = la— 2> = (1 —a®)(1—|z[*) > 0.

Thus the modulus of the left side is at least one.
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Step 3b. Origin Integral ldentity

Identity 1 Relating F'(1) and [Ul F(t)dt

Define the polynomial in ¢:

P = T](1 - atg)).

Evaluating p and p’ at O gives, respectively,

(”WE“ZﬁEAF@“

(=) (H zj> <1+azzl_> = Hﬁqu(l).

j=1"7

|dentity 1 Relating F(1) and [ F(t)dt
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Step 3b. Origin Integral ldentity

Eliminating F'(1): Finding Identity 2 Relating F'(1) and /“1 F(t)dt

Recall that N
Ft)=]]0 - atg),  F(0)=1.

For any constant C' € C, the Newton—Leibniz formula gives

1=F(1) +C/l F(t) dt—/ (F'(t) + CF(t)) dt.

1
0

How should we choose C?

We want the remainder
Rc(t) := F'(t) + CF(t)

to vanish at ¢ = 0. Since Rc(t) is a polynomial, this ensures that

for some polynomial G. The factor ¢ is crucial for deriving the subsequent origin
inequality.
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Since F(0) =1 and F'(0) = —a Z;Vﬂ q;, the natural choice is

F'0) & 1 &
C=- =a ) qj=Nap, b= D _ 45
F(0) ; / N; I

Direct differentiation now gives

F'(t) + NauF(t) ——(IQth]H (1 — atqy).
Jj=1 k#j

Integrating the preceding identity over [0, 1] and using F'(0) = 1, we obtain

Identity 2 Relating F(1) and [, F(t)dt

1—F(1)+Nau/1 F(t) dt—l—a/thJHI—atqk)dt.

J=1  k#j
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Step 3b. Origin Integral ldentity

Recall Identities 1 and 2:

1) = <1+azzlj> /OlF(t)dt.

1:F(1)+Nau/1 F(t)dt +a® / thjnl—atqk)dt.

Jj=1  k#j

Combining the two origin integral identities and eliminating F'(1), we obtain

Origin Integral Identity

N 1 1
1 2 2
l=(14a — + Nap / F(t)dt+a / ty q || (1 — atgy)dt.
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Step 4a. From the Polar Integral ldentity to the Polar

Inequality

Recall the polar integral identity:

1—az
a_zj /Ha+t1—a )g;) dt.

Jj=1
Since |z;| <1,
1—azl —la— 2 = (1—a®)(1—|5) > 0.
Taking absolute values and applying the triangle inequality,

<11

/ H|a+t 1 —a®)qj] dt.

*ZJ

T. Zhang (XJTU)
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By the power-mean inequality and |g;| < 1,

N

N/2
1 1 P
/ H\a+t (1-d )%|dt</ <N2a+t(1a2)qj|2> dt

j=1

N/2
1

:/ <a +2at(l—a)x+ a) Z|q] ) dt (Set p =z +1iy)
0

1
< / (a® + 2at(1 — a®)z +t*(1 - ¢7L2)2)N/2 dt
0

N/2

= /1 1+ -a)[-14+2-8)] -1 —a®)’t(1—1)""" dt (Set B(1) =1 — 2az + a?)

< /1 1+ —a®)-1+@2-B)"*dt  (Seta= gu —a?)

Jo

1
< / B gy (By 145 <)
0
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Recall that

ca(1=5(1) _ ,—a

1
1 </ eel-1e=pad gy €0 7T —e
0 a2 - 6(1))

where 3(1) =1 —2az +a® and a = § (1 —a?).

Claim 1. 0 < (1) < 1. In particular, z > a/2 > 0.

Since 3(1) > (1 —a)? > 0, it remains to prove 3(1) < 1. If 3(1) > 1, then
—1+4(2—p(1))t <0 forall t € [0,1], so the preceding integral is at most 1, a
contradiction.

Claim 2. B(1) < 1— 1982
(0]

Notice that

AW S 02— B(1) + e > a.

Taking logarithms proves Claim 2.
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Step 4a. Polar Inequality

. a
Claim 3. 5(1) < pEE

Using the inequality log(sinht/t) < v/t2 +9 — 3, we obtain
ce(1=B(1) _ o
a2 - (1)
_ —esy2sinh(a(l — 5(1)/2))
a(l—pB(1)/2)

< exp (—%(1) +v9+a2(1-B(1)/2)2 - 3) .

1<

Consequently,

W) < ot ar(1— B2 = 38(1) < all — A(1)

«
= B(1) < P

3+

Polar Inequality
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Step 4b. Origin Integral Identity

Separate the Two Terms

Assume n > 5; recall N =n —1, p = x + iy, and

N

F(t) = H(l - atQj)a J = Hquj, /O F(t) dt = (_1) 7

j=1

The origin identity is

N 1 1 N
1 2 2
1=(14+a>" = + Nay /Ftdt+a/t 2 TT( = atgy) dt.
> R0 > T - ata)

J=1  k#j

N 1
Ty ::‘<1+aZJ+Nau>/ F(t)dt
0

j=1 "

Put

)

1 N
Ty := a> / th?H(l—atqk)dt‘
0

J=1 k#j

1<Th +Ts.

If z; = 0, products like J/z; mean g; Hk;ﬁj 2L q; all the relevant expressions are interpreted by
continuous extension.

T. Zhang (XJTU)
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Step 4b. First Term T}

By the centroid identity,

=

Il
S
[
RS

=

+

e
M=
v |-
+

=2

)

=
N~

N N
1 1
=—|J|[1l+4+a E Zj + Nap+a g (——Z) (add and subtract z7)
n |: j=1 j=1 \%i
1 an L 1 N 1
== |J |14+ Na? - = — + Nap+a (— — 7) centroid identit
- ~ ; = m ; S ( y)

S

N N
1 1
(14 Na? —ap)J +aJ |:E (— —7]-) - % E <: - q]->:| (add and subtract g;).
Jj=1 7

Zj =1
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Step 4b. First Term T}

Write A := 1+ Na® — au and recall |J| < 1.
N

lei AJ +aJ [z_; (;—z,>—;§:<—qg>}

J

] alJ| | L1 n <
< ?\A\ + - Z: g -z N Z: % —qj (triangle inequality)
Jj=1 =1
J
‘ |\A\ + = ( —1J?) (defect lemma; n/N > 1)
14
< (|Al/n > 2a/N and 0 < |J| < 1)
n

1+Na27ax+17x2
n 2nN

IA

(2% +y* <1).

1+ Na? — ax 1— a2
+

T, Bound: | Ty < .
n 2nN

T. Zhang (XJTU) Sendov's Conjecture October 23



The Defect Lemma

Defect Lemma. For wy,...,wm €D,
m m
Do —Jw?) [T lwel <1 =TT wyl*.
Jj=1 k#j Jj=1

Proof. Let r; = |wj|, and let Sy, denote the sum on the left. The case m = 1 is immediate.
Set R = Hmj 5. By induction,

Sm = TmSm—1+ R(1 —712)
<rm(1—R*)+R(1-r2)
=1-R*2 —(1-R)(1—rm)(1— Rrm)
1-R%2. O

Apply the lemma to z1,...,25,71,...,qN to obtain

N

7] Z

—gil| <1-|J>A

N
2
Jj=1

1
qj
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Controlling the Modulus

For N=n—1>4and |u| <1,

2
@>1—|—Na —a>27
n n N’

Indeed, the last inequality is equivalent to

A::1+Na2—au.

N%a* = (3n—1)a+ N >0,

which follows from N2a? + N > 2N*/?q > (3N + 2)a. Therefore

144 0 oy < 1 - I
b} ~ (1= < i bl B
A+ 2= 1IP) B

ﬂ

< .
- n

Next, put w = 1 + Na? — az > Na? > 0. Since 22 + ¢ < 1,

2
|A|:\/m<u+7<1+zva PP Sk 2
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Step 4b. Second Term 715

A Continuous Chain of Estimates (1)

Recall |g;| < 1. We begin by taking absolute values:

Ty = a* / th] H 1 — atqy) dt

j=1  k#j

< az/ tz lg;] H |1 — atqw|dt (triangle inequality)
0

k#j

gaz/ ¢S T - atar (Ilas] < 1).

j=1k#j

Sendov's Conjecture October 2



Step 4b. Second Term 715

Put B(t) = 1 — 2atx + a*t?> and N = n — 1.

1 N
T2§a2/ tZH|1—atqk|dt
0

J=1k#j
N-1

1 1 N
SaQN/ t —Z|1—atqj dt

0 N3

L N—1)/2
gaQN/ t Z|1—atq3 dt

0 N =

1
:azN/ t 172atm+—Z|q3|2
0

j=1

1
gaQN/ tB(t)(=2)/2 4t
0

(Maclaurin)

(power mean)

(lgjl < 1).

Sendov's Conjecture

October 2



ep 4b. Second Term T5

From the polar inequality, > a/2 > 0; thus 0 < az < 1.

1
T, < aQN/ tB8(t) (=272 4t
0

1 4 _ 2yl
< a2N/ t(1 — axt)" "2 dt + a'N(n =21 = 27) / 38(t)~/2dt  (mean value thm)
0 0

2
4 _ 2yl
< % + 2 N(n—2)d - 27) / 38" =D/2 at (beta integral).
nr 2 0
T> Bound:

1 4 _ 2 1
Ty < a2N/ tB(t)("=D/2 4t < % +2 Nn-2)1 - =) / 38(t) =/ dt.
0 nx 2 0
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Maclaurin and the Power-Mean Inequality

For v; := |1 — atg,| > 0, Maclaurin’s inequality gives

J=1 k#j

Next, by the quadratic-mean inequality,

L& N-1 L& (N=1)/2
2
(7)) <(32)

(N-1)/2
a2t2 N 2
N > gl
j=1

Il
~/
=
|
N
<)

&

8
+

Here %quj:u:x—kiyand lg;] < 1.
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Mean Value Theorem and Beta Integral

The exact decomposition is

(1) = (1 - awt)® + (1 —2°). |

Set m = (n —2)/2 > 1. Since 1 — axt > 0, the mean value theorem yields

BH™ = (1 —axt)™ <m[B(t) — (1 - axt)*] B()"

= D g apnor

Moreover, substituting s = axt and extending the interval gives

1 1
_ 1 9
t(1 —axt)"*dt < 1—s)"%d
/0 (1 — azt) < a2a:2/0 s(1—s) s
1 1

T a2x2n(n—1)  a?x?nN’
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Step 4b. Origin Inequality

Combine the Two Termwise Estimates

Recall 1 < T3 + T and

2 2
< 1+ Na —a;r+1—m

T
b= n 2nN ’

N
1+Na®>=n—-2a, a= 5(1—a2).
Also,

1 4 B o2y p1
T < a2N/0 tB8(t) D72 at < % LG 22)(1 ) /0 £8(6) "2 a.

Origin Inequalities

<1+Na2—ax 1— 22

1
2 (n—2)/2
1< = + 5 e N/O t8(t) dt

1+Na®—axr 1—2? 1 a*N(n—-2)(1—z%) [' 3 (n—4)/2
< — t°B(t dt.
- n + 2nN + nr? + 2 /0 BL)

T. Zhang (XJTU)
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Claim: o < 17

Claim. o < 17 for all n > 2.
Proof. Suppose that o > 17. Then n > 36. Set u = a?/(1 — a?).

<1+Na2fax 1 — a2

1
1 2N [ @) (D/2 gy
- n * 2nN ta /(; Al

(Origin inequality 1)

2 1 1
glf—a+7+a2N/ t8(t)("=2)/2 gt (x>0,1-22<1)
n 2nN 0

2c 1 AN a?N
<1-=4 — 4 —— 4 g2 Ectimate 1
- n+2nN+(n_2)2x2+ 2 A1) (Estimate 1)

(Estimate 2)

« 1 AnN 2n
1+=|—or -4+ =" 20 —u+1/(2a)
< +n|: +2Noz+(n—2)210g05+Nu( +u)a

1 4-36-35 72 .
<1+ % [—2 t T T e g171/34(0.1825)} (Estimate 3)

<1+ g(1.948 -2)<1 (Numerical estimate).
n

This is a contradiction.

T. Zhang (XJTU)
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Proof of the Claim: o < 17

Estimate 1. We have

1
/ t,@(t)(n_2)/2 dt <

0 (n — 2)2a2x?

+ ﬁ(l)(n 2)/2

Proof. Recall that
B(t) =1 — 2axt + a’t?, B'(t) = 2a(at — ).

Since a*t* < axt for t < z/a, and S is increasing on [z/a, 00),

1—axt <e ' 0<t<min{l,z/a},
Blt) <
B(1), z/a<t<l1.

The second interval is omitted if /a > 1.
Consequently,

1 oo 1
/ 1B(1) ")/ dtg/ to—(n—2)azt/2 dt+ﬂ(1)(n72)/2/ L dt

0 0 0
4 1
_ Lgyn-2/2
(n — 2)%a2%x? * 26( )
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Proof of the Claim: o < 17

Estimate 2. Under the assumption o > 17, we have

z? > @7 B(1) < o~
e
Proof. Recall the logarithmic polar bound:
_ log

B(l) <1

On the other hand,

B(1)=1—-2azx+a®>=1-2°+ (a —2)*
>1—2%

Therefore,
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Proof of the Claim: o < 17

Estimate 3. We have

sup u(l +w)177* < 0.1825.
u>0

Proof. Put k = log 17 and define
Fw) = u(l + u)e *Y, u > 0.
Differentiating gives
fl(u) = e_k“(l +2u — ku(l 4+ u)).
Thus f/(u) = 0 if and only if
ku? 4+ (k—2)u—1=0,

whose unique positive root is

_2—k+VEkT+4
- 2k ’

U

Since f(0) = limy— 00 f(u) =0 and f’ changes sign from positive to negative at u., the global
maximum is f(u«).
Direct numerical bounds give
2.83321 < k < 2.83322, 0.46498 < us < 0.46499.
Consequently,

sup f(u) = f(ux) < 0.46499(1 + 0.46499)¢~2-83321(0.46498)
u>0

< 0.18246 < 0.1825.
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Combining the Origin and Polar Inequalities

Letn>5 Recal N=n—-1,0< a <17,

a:z::lfg 5(1), a2:172—a
N 2 N
Define
a a
=1- = - —
e(e) N 2B+a)

Q(t) :=1—2¢(a)t + a%t2.

Then the refined origin bound gives

1—-22 z72-1 1 B(1)  a*nN(n-2)(1-22) !, (n—4)/2 .. .
1< ToN + —a + N + v + — /0 t°B(t) dt (Origin Inequality 2)
B(1) B | 1 B | a*nNmn—=2)8(1) [T 3. (a1 )
S m-p0) * ia + N + onN + B E— /0 t°B(t) dt (Estimate 1)

1 1 1 1 a*nN(n —2) 3 5
e — B3Qt)"~V/2dt =: R, Estimate 2).
<6 1810 N TINBta) T 4BG+a) /0 @ (@) (Estimate 2)

T. Zhang (XJTU) Sendov's Conjecture October 2



A Necessary Inequality for a Counterexample

A Necessary Inequality for a Counterexample

For every n > 5, we have

1 1 1 1 a*nN(n—=2) 15  (n_ay/2
1< Rp(a) = =+ —— + — BQ1)n—9/2 1.
SR =5t Gre TN T NG T 1B+ / A

For n > 201 and 0 < a < 17, we continue the same upper-bound chain:

1< Ru(a)

S S S U 1 a*nN(n—2) 96 ! ( @ >("*4)/2 (Estimate 3)
Z — [ — imate
6 434+a) 2N AN+ a) 43+ a) (n—4)*c(a)* 4 \3+a«
— 9 _ (n—4)/2
< 1 n 7 24nN(n—2) nN(n-—2) (17 (Estimate 4)
1 TN T (n—a 48 20

(Estimate 5).

t Hp < Hao1 <0.399 < 1

Sendov’s conjecture holds for all n > 201.

The estimates used in the chain are proved on the next slides.

Sendov's Conjecture October 23, 2026
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Estimate 1: Rewrite the Origin Bound

Estimate 1. We have

1—2% < B(1), Ly B0 ar =1—

Proof. Since 3(1) = 1 — 2ax + o,
Bl)=1—-2’4(a—2z)*>1—2>
The polar bound gives 0 < 3(1) < 1, hence 2> > 1 — 8(1) > 0 and

1 1 _ B
2 ' ST T T Tosa)

Finally, a®> = 1 — 2a/N gives

2aw:1+a2—6(1):2—2ﬁa—ﬁ(1).

T. Zhang (XJTU) Sendov's Conjecture October 23, 20




Estimate 2: The Rational Polar Bound

Estimate 2. Recall 5(1) < a/(3 4+ «). Since
a  BA)

=1- = - —2
ax N 5 > c(a),

we obtain

0 < ¢(a) < ax < q,

B(t) =1—2axt+a’*t> <Q(t) (0<t<1),
(0%
3+a

Q1) =1-2¢c(a) +a® =

(The positivity of ¢(«) is verified in Estimate 4.) Since s/(1 — s) is increasing on (0, 1),

B(1) 1 B(1) 1
2a(1-6(1) ~6  4a “iB+ta)
B(1) 1
4aN SINBta)

Since (n —4)/2 > 0 and S(t) < Q(t), the integral bound follows.
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Estimate 3: The Last Integral

Estimate 3. Put ¢ = c(a) > 0 and s = ¢/a®. The quadratic Q(t) = 1 — 2¢t + a*t?
decreases up to t = s and increases afterwards. Consequently,

l—ct<e ™, 0<t<min{s 1},

Q) < o
Q) =5,
+ «

s<t<1.

The second interval is omitted when s > 1. Writing m = (n — 4)/2 > 0, we obtain

1 e 1 o m
3 m </ 3 _—mct -
/OtQ(t) ars [T dt+4<3+a>

6 +1 «a "
T (me)* 4 \3+a)

Thus, we obtain the integral estimate:

1 (n—4)/2
~ 96 1/ a
£BQ) V2 gt < - .
/0 @) S -2 T1\31a
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Estimate 4: A Uniform Bound for

Estimate 4. For n > 201, N > 200, and 0 < o < 17, put

Then c(a) > c201 () > 49/100 > 0. Direct differentiation gives

% [(3 + oz)6201(oz)4]

_ __c0(a)?
= T 2006t a) [5(3 + )® — 103(3 4 ) + 900] < 0.

Indeed, the quadratic in brackets has discriminant —7391 < 0. Therefore
3+ a)c(a)4 > (34 a)cao1 (a)4

> 20¢201(17)% = 20 49 ) >1
C: = — .
= e 100

Hence

B+ a)e(a)* > 1,
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Estimate 5: Uniform Numerical Verification

Estimate 5. Recall

1 7 24n(n—1)(n—2) nmn—1)(n—2) (n—4)/2
Hno= gt 12(n—1) (n — 4)4 48 (20)

The two rational terms decrease for n > 201. For the last term h,,, the ratio satisfies

h 1 /17
ntl _nt <1  (n>201).
hn n—2V20

Hence H,, < Hao1. Since /17/20 < 461/500, rational arithmetic gives

7 24 -201-200 - 199

H -
201 <y + 2200 1974
201-200-199 /178 461
+ (—) —— < 0.398997 < 0.399 < 1.
48 20 500

Thus 1 < Rp(a) < Hyp < 1, a contradiction.
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Recall the necessary inequality for a counterexample, valid for all n > 5:

1 1 1 1 a*nN(n—-2) [,
1<R =+ — B3Qt)("=1/2 gt
SR =54 Gre Ty T NG T 4G+ /0 @)

It remains to exclude 5 < n < 200. For each fixed n, we must prove
. N 2. 2
Rn(a) <1 whenever 0 < a <min<17, 5 [ c(a)® <a”.

For even n = 2m + 4, expand the integral exactly:

L _— m! (—2¢())?a?
/OtQ(t) dt = Z iljlm—i—4)! 4+i+25 °

For odd n = 2m + 5, one can use the rational upper bound
@)™+ QW™+,
with a sharper tangent bound for n = 5.

Rigorous Verification

After clearing positive denominators, positive Bernstein-basis coefficients provide exact algebraic
certificates checked in Lean, not floating-point sampling.
T. Zhang (XJTU) Sendov's Conjecture



Example: n =6

For n = 6, we have N = 5 and

/1 PO di i _ 2¢(a) N 2.

0

Hence direct simplification gives

T 375(3 4 )2’

where ]
Ps(a) = 1575 — 900a 4 23450° — 3420° — 240,
For 0 < o < N/2 = 5/2, we have 342a + 24a” < 1005. Therefore
Ps(ar) = 1575 — 900a 4 (2345 — 342a — 24a7)
> 1575 — 900« + 1340a° > 0,

since the final quadratic has negative discriminant.

Contradiction for n = 6
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Conclusion

The counterexample hypothesis forces

o
3+a’

0 < 1< Ry(a), 0<a<lr7.

The final estimates show that these conditions are incompatible:

@ For n > 201, an explicit analytic estimate yields R, (a) < 0.399.
@ For 5 < n < 200, exact algebraic positivity certificates rule out 1 < R, («).

@ The low-degree cases and the boundary case a = 1 are handled separately.

Final Contradiction

1< Ru(a) < 1.

Thus the interior case of Sendov's conjecture holds; together with the boundary case
this proves the conjecture.
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Proof Strategy for Sendov's Conjecture

Assume a counterexample exists

-— ———

( Polar integral identity ) ( Origin integral identity )
Y Y

( Polar inequality ) (Origin inequalities 1 and 2)

[Combine polar and origin bounds}
1

) 4 y

Combination 1 Combination 2
Origin inequality 1 4 logarithmic polar bound Origin inequality 2 + rational polar bound

[ Uniform bound: o < 17 ) [Necessary condition: 1 < Rn(a)]

[ Together: o <17 and 1 < R, () ]

Case I: n > 201 Case Il: 5 <n <200
Analytic estimate: R, (o) <1 Rigorous finite verification: R, (o) <1

( Contradiction:'l <R,(a)<1 Jl

No counterexample exists
Hence Sendov’s conjecture holds
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Borcea's Variance Conjecture

Let P be a polynomial of degree n > 2 with zeros z1,...,z,. Define
1/p
1 n
P):=min | — i —c|P , 1<p<oo,
op(P) = min n;lzg ¢l <p<oo

Ooo(P) = min 11%1]a§xn |z — cl.

Clearly, by the power mean inequality, o, (P) is increasing on p.

Conjecture (Borcea)

For every zero a of P, there exists a critical point { such that

[1c—al < op(P) ]

The weakest case, corresponding to the limiting exponent p = oo, is equivalent to
Sendov's conjecture.
Recent Progress: the case p > 2 (Zhang?, 2026)

1T. Zhang, Borcea's 2-variance conjecture, preprint (2026), arXiv:2610.02035.
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Schmeisser’s Conjecture

Conjecture (Schmeisser)

Let P be a polynomial of degree n > 2 whose zeros z1, . ..,z lie in the closed
unit disk. For every a € conv{z,...,z,}, there exists a critical point ( of P such
that | —a| < 1.

Recent Progress: For the centroid G := %Z?:l z;, Zhang? established the

H n—2
stronger estimate |[( — G| < /7=.

2T. Zhang, A refinement of Pawlowski's result, Proc. Amer. Math. Soc. 154
(2026), no. 2, 775-782.
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Zhang's Generalized Borcea—Schmeisser Conjecture

Recall
1/p

Conjecture (Zhang's Generalized Borcea—Schmeisser Conjecture)

Let P be a polynomial of degree n > 2. For every p > 1 and every point
a € conv{z,...,zn}, there exists a critical point { of P such that
I¢ — a| < op(P).

This conjecture contains both Borcea's variance conjecture and Schmeisser's
conjecture as special cases.
Recent Progress: for the centroid G := %Z?Zl zj, Zhang® established the

1 n—2
stronger estimate |( — G| < \/;

3T. Zhang, A refinement of Pawlowski’s result, Proc. Amer. Math. Soc. 154
(2026), no. 2, 775-782.
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Tang—Zhang Conjecture

Conjecture (Tang—Zhang)

Let P be a polynomial of degree n > 2 whose zeros lie in the closed unit disk.
Let a be a zero of P, and let (1, ...,(,_1 be its critical points. For every A > 1,

Z|G_CJ|)\ =n-b

The limiting case A = co recovers Sendov’s conjecture. The case A =1 is the
strongest.

Recent Progress: the case A > 2 (Zhang*, 2026)

4T. Zhang, Beyond Sendov’s conjecture: the quadratic Tang—Zhang inequality,
preprint (2026), arXiv:2609.19126.
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Smale’s Mean Value Conjecture

Conjecture (Smale)

Let P be a complex polynomial of degree n > 2. For every zero a of P, there
exists a critical point ( such that

POI< (1- 1) 6= dl @

The constant 1 — % is attained by

Smale proved the corresponding inequality with the constant 4.

Recent Progress: Disproved! A counterexample to the inequality with constant
1, formalized in Lean 4, was reported in September 2026°.

5T. Adamczewski, Smale’s mean value conjecture (K = 1): a Lean 4 disproof,
GitHub repository (2026).
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Thank you for your attention!

Questions?
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