BEYOND SENDOV’S CONJECTURE: THE QUADRATIC TANG-ZHANG
INEQUALITY

TENG ZHANG

ABSTRACT. Very recently, Lech Mazur proved the celebrated Sendov conjecture, and Ter-
ence Tao subsequently distilled the main ideas of the proof in a blog post. In this paper, we
establish a quantitative strengthening of Sendov’s conjecture, namely the quadratic Tang—
Zhang inequality. Let p be a polynomial of degree n > 2 whose zeros lie in the closed unit
disk, and let (1, ..., (,—1 denote its critical points, counted with multiplicity. We prove that,
for every zero a of p,

Moreover, equality holds if and only if p(z) = ¢(2" — w) for some ¢ € C\ {0} and |w| = 1.
We also provide a Lean 4 formalization of the main results.

1. INTRODUCTION

In 1958, Sendov formulated the following conjecture, now known as Sendov’s conjecture;
see his account in | , p. 284]. It was subsequently included in Hayman’s influential 1967
monograph Research Problems in Function Theory | , Problem 4.5].

Conjecture 1.1 (Sendov). Let p be a polynomial of degree n > 2 with all its zeros in the
closed unit disk. For every zero a of p, there is a critical point ¢ such that

a—¢l<1.

Over the past several decades, this beautiful conjecture has attracted considerable atten-
tion. The conjecture was gradually verified in low degrees: Rubinstein verified the conjecture
forn =3,4] |, Meir and Sharma for n <5 | |, Brown for n =6 | |, Borcea for
n<T7]| |, and Brown and Xiang for n < 8 | |. For polynomials of sufficiently large
degree, Tao | | proved that Sendov’s conjecture holds, and an explicit degree threshold
was subsequently given by the author in | |.

Regarding the position of the distinguished zero, the case a = 0 is an immediate conse-
quence of the Gauss—Lucas theorem, whereas Rubinstein | | proved the conjecture when
la| = 1. Further results for zeros on the unit circle were obtained by Goodman, Rahman,
and Ratti | |, and independently by Joyal | |.

Several other partial results are worth mentioning. Bojanov, Rahman, and Szynal | ]
obtained an asymptotically sharp enlargement of the disk. Miller | | and Vajaitu—
Zaharescu | | proved the conjecture when the distinguished zero is sufficiently close
to the unit circle. Chijiwa | | later made this near-boundary result quantitative, and
Kasmalkar | | subsequently enlarged the range covered by Chijiwa’s theorem. At the
other end, Bojanov | | proved the conjecture when |a] < 1/(n — 1). For a zero of
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2 T. ZHANG

fixed modulus 0 < |a| < 1, Dégot | | established the conjecture for all sufficiently large
degrees, and Chalebgwa | | later gave an explicit degree bound.
More recently, Mazur | | gave a computer-assisted proof of Sendov’s conjecture. Tao

| | then gave a streamlined account of the proof, emphasizing the underlying polynomial
identities, discussing the strict form of Sendov’s conjecture, and explaining how the argument
also yields the strengthening proposed by Phelps and Rodriguez | |.

Motivated by Sendov’s conjecture, Tang and the author | , Conjecture 1.10] (see also
| , Conjecture 19]) proposed the following family of inequalities strengthening Sendov’s
conjecture, with Sendov’s conjecture itself appearing as the weakest limiting case as A — co.

Conjecture 1.2. Let p be a polynomial of degree n > 2 with all its zeros in the closed unit
disk, and let (1, ...,(,—1 be its critical points, counted with multiplicity. For every zero a of
p and every A > 1,

where a term with zero denominator in a reciprocal-distance sum is interpreted as +0oo.

The endpoint A = 1 is the strongest assertion in Conjecture 1.2, by the monotonicity of
power means. We establish the quadratic case, including all equality cases.

Theorem 1.3. Let p be a polynomial of degree n > 2 with all its zeros in the closed unit
disk, and let (1, ...,(,—1 be its critical points, counted with multiplicity. At every zero a of

p;

>n— 1. 1.1)

Z - <]|2 (

Equality holds if and only if p(z) = (z —w) for some c € C\ {0} and w € C with |w| = 1.
By the monotonicity of power means, we have

Corollary 1.4. Conjecture 1.2 holds for every A > 2. For each such X\, equality holds if and
only if p(z) = c¢(z" — w) with ¢ # 0 and |w| = 1.

A Lean 4 formalization of Theorem 1.3, including its equality classification, and Corol-
lary 1.4 is available in | |.

Sketch of the proof. We briefly describe the proof of Theorem 1.3. After a rotation, we
may assume that the prescribed zero is a € [0,1]. For a simple zero a, we introduce Tao’s
reciprocal coordinates | |

1
Q—Cj’

Thus the desired inequality is equivalent to s > 1, and for 0 < a < 1 we argue by contradiction
under the assumption s < 1.

The proof combines two communication identities. The polar identity yields a second-
moment inequality and, in particular, quantitative control of the endpoint parameter (1).
The origin identity is then refined by interpolating between the configuration ¢; = = + iy
and the actual configuration. This centered interpolation retains the variance

A|2

qj =

v=s5— |z +iy|?
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and leads to two explicit scalar inequalities involving only n, a, and a small number of
auxiliary parameters.

These scalar inequalities are handled in three regimes. For sufficiently large degree, ele-
mentary analytic estimates give a contradiction directly. For 6 < n < 10%, the remaining
parameter range is covered by finitely many rectangles. On each rectangle, monotonicity and
convexity reduce the required estimates to exact rational inequalities with directed rounding.
A finite certificate of 6593 rectangles covers the entire range, and two separately implemented
checkers verify the certificate. Finally, the degrees 2 < n < 5 and the endpoint cases a = 0, 1
are treated directly. The endpoint analysis also determines the equality case p(z) = ¢(2"—w),
with ¢ # 0 and |w| = 1.

Organization of the paper. In Section 2, we carry out the normalization and introduce
Tao’s reciprocal coordinates together with the second-moment notation used throughout the
proof. In Section 3, we establish the communication identities. In Section 4, we develop
the polar channel and derive the bounds for 5(1) and the endpoint gain. In Section 5, we
introduce the centered interpolation argument and reduce the problem to two scalar inequal-
ities. In Section 6, we exclude all sufficiently large degrees by explicit analytic estimates.
In Section 7, we treat the remaining degrees 6 < n < 10° by a finite exact verification. In
Section 8, we handle the small degrees and endpoint cases and complete the proof of the
equality statement. Finally, Appendix A records the numerical comparisons, the certificate
format, and the details needed to reproduce the computation.
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2. REDUCTION AND NOTATION

We first normalize the problem and introduce the notation that will be used throughout
the proof. Multiplication of p by a nonzero constant does not change its zeros or critical
points, while a rotation preserves all relevant distances. We may therefore assume that the
prescribed zero is a real number a € [0, 1].

Write p(z) = (2 —a) H;:ll(z — z;), where |z;] < 1. If a is also a critical point of p, then one
of the terms in Z;L:_ll la — ¢;|2 is infinite, and there is nothing to prove. We may therefore
assume that a is a simple zero. Following Tao | |, we parametrize the critical points by

1
G=a——, ¢#0, 1<j<n—1.

J

Thus
1

(l—gj’

q; = 1<5j<n—-1,
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and hence

n—1
_ 1
Gl = mz e
j=1

Consequently, Theorem 1.3 is equivalent to proving that

2> 1

n—14%
Jj=1

For 0 < a < 1, we shall prove the strict inequality s > 1. Accordingly, throughout the main

part of the argument we work under the counterexample assumption s < 1. The endpoint
cases a = 0 and a = 1 will be treated separately in Section 8. Thus, until that section, we
assume 0 < a < 1.

Notation. We shall use the following notation throughout the argument. For the quantities
already appearing in Tao’s exposition | |, we keep the same notation, namely a, z;, (;,
¢, o, , y, B(t), F(t), and J. The quantities s, w;, v, and f4(t) are introduced here to
encode the additional second-moment information.

o o :=11(1—a?).
° g = ajcj,whereqj;éOfor1§j§n—1.

s =L erl lg;|*, where s < 1.

oty = — Zj 1 45, where z,y € R. By the Cauchy-Schwarz inequality, |z + iy| <

Vs <1

o wj:=qj — (v +iy) for 1 <j<n—1 Then > "~ 1w]—0

V= ﬁzj'; lw;|? =s— |z +iy|* <1— |z +iayl

e 3(t) :=1—2atx + a** =1 — 2?4+ (v — at)?, where 0 < ¢ < 1.

o 3,(t) := 1 — 2atw + a’st* = ﬁZ;:ll |1 — atq;|?, where 0 <t < 1. Since s < 1, we
have () < (t).

o F(t) := H;L__ll(l — atg;).

o J = H] 1 2jq;. Since |z;| < 1, the arithmetic-geometric mean inequality gives |J| <
Hj:l |g;] < s <1,

3. COMMUNICATION IDENTITIES AND PRELIMINARY ESTIMATES

Lemma 3.1 (Communication identities). (i) (First origin identity) One has

()"t = n/o1 F(t)dt. (3.1)

(ii) (Polar identity) One has

1n—1

H(a +t(1 — a®)g;) dt. (3.2)

l—az]

a— 2;
Jl J
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(iii) (Differential origin identity) If R := a? fol t Z;:ll @ 1z, (1 — atqy) dt, then

1
1= (1) + (n — alz + iy)/ F(t)dt + R, (3.3)
0
Proof. For (i), this is exactly | , Lemma 6, Eq. (9)].
For (ii), this is the polar identity in | , Lemma 6, Eq. (8)].

For (iii), differentiate the product defining F'(t). Using the elementary identity

H(l — atqy) = F(t) + atg; H(l — atqy),

k#j k#j
we obtain
F'(t) = —(n— Da(z +iy) F(t) —a’t Y _q? [[(1 — atax).
J k#j
Integrating over [0, 1] gives (3.3). O

We shall repeatedly encounter products with one factor omitted. For n > 3, any nonneg-
ative numbers by, ..., b, satisfy

I1o: < 2 b (H)/Q<§
F=A\n-2 -3

k#j

1 (n—2)/2
— Zbi) . (3.4)
k

Indeed,

(n—2)/2
—1 5
(” ) <ve<l

n—2

It follows that the remainder term in Lemma 3.1 admits the following direct estimates.

Lemma 3.2 (Direct estimates). Let n > 3, and let R be defined as in Lemma 3.1. Then
5 1
[F] < B2 R < sa’(n - 1)/ 16,(t)"D/2 4t
0

Proof. By definition, the average of the quantities |1 — atg;|? is Bs(t). The first estimate
follows from the arithmetic-geometric mean inequality applied to the factors of F'(1). For the
second, apply (3.4) to each product appearing in R and use Zj P =n-1)s<n-—-1. O

4. THE POLAR CHANNEL

We begin with the polar channel. The argument follows the one leading to the raw polar
inequality in | , Proposition 10(i)], which is derived from the polar communication
identity | , Lemma 6, (8)]. The only difference is that, rather than replacing the second
moment —- Z;:ll lg;j|* by 1, we keep its exact value s. This gives the following second-
moment version of Tao’s raw polar inequality.

Lemma 4.1 (Second-moment polar inequality). One has

1
1< / (0% + 2a(1 — a®)zt + (1 — a®)?st>) "2 ar. (4.1)
0
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Proof. From the polar identity (3.2), we have

Since a is a simple zero, a — z; # 0 for every j. Moreover, since |z;| < 1,
1 —az* —la— 2z = (1-a®)(1-[z") =0,

and hence

It follows from the triangle inequality that

1n—1

1</ H‘a—i— (1 —a®)tq;| dt. (4.2)

For each fixed ¢ € [0, 1], the arithmetic-geometric mean inequality applied to the nonneg-
ative numbers |a + (1 — a2)tqj|2 gives

n—1 n— (n—1)/2
H}a—l—(l—(ﬂ)tqj{ < (nil ‘a—l—(l —a2)tqj}2) . (4.3)

j=1 j=1

—

%, we obtain

n—1
1
) e S
n =

=a® +2a(1 — a®)at + (1 — a?)?st>.

Usmgm+zy—n 12 16]] aDdSZﬁZtﬂ%

n—1
1 Z‘a—k 1—a)tqj| =a*+2a(1 — a® t@%(

n—1

(4.4)
Combining (4.2), (4.3), and (4.4), we obtain
! 1)/2
1< / (a4 2a(1 — a*)zt + (1 — a2)25t2)(n_ 72,
0
which is precisely (4.1). O

We next derive the bounds on Tao’s parameter (1) that will be needed below. The
argument leading to the logarithmic estimate follows | , Proposition 10(ii)—(iii)]. The
difference is that our polar inequality retains the exact second moment s; nevertheless, the
assumption s < 1 still leads to the same exponential inequality. For the rational bound, we
use a simpler but weaker estimate than Tao’s bound (1) < «/(3+ «), which is sufficient for
our purposes. The strict inequalities below remain valid even when s = 1.

Lemma 4.2 (Bounds for 5(1)). One has

o a
1 — <1 — 4.
O</B()<1+a<, T >3 (4.5)
For oo > 1 one also has
1
1-B(1) > 2% (4.6)
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Proof. Since s < 1, the quadratic inside the integral in (4.1) is bounded above by the same
expression with s replaced by 1. For 0 < t < 1, the inequality > < ¢, together with
2 — B(1) = 2ax + 1 — a®, makes this bound strict. Using 1 +u < e* and a = "7_1(1 —a?), we
therefore obtain

1< /01 exp{a[—1+ (2 — 5(1))t]} dt. (4.7)

Notice that the strict inequality persists when s = 1, precisely because t? < ¢ for 0 < ¢ < 1.
If 8(1) > 1, then the exponent in (4.7) is nonpositive on [0, 1] and is strictly negative on
a set of positive measure, contradicting (4.7). Hence (1) < 1, or equivalently > a/2. On
the other hand,
B(1)=1—2*+ (x —a)® >0,
because |z| <1 and a < 1.
Evaluating the integral in (4.7) gives

e@U=AM) _ o= 5 (2 — B(1)). (4.8)
Since 3(1) < 1, it follows in particular that e*d=#(1)) > o, For o > 1, taking logarithms
yields (4.6).
It remains to prove the rational bound in (4.5). Put z = a/(1 + «). Since z < log(1 + «),
we have e* < 1 + «, and therefore

B . _ 2282 _ 042
e —1—z2 :
> S 2(1+a)
Also, for 0 <t < aone has 1 —e* >¢/(1+1t) >t/(1+ «), and hence

a—1+e°‘—/a(1—et)dt>/a L dt = o’
—Jo o 1+a  2(1+a)

Suppose, to the contrary, that a(1— /(1)) < z. Since 5(1) < 1, we have 0 < a(1—/5(1)) < z,
and the function e — 1 — w is increasing for w > 0. Combining the preceding two estimates
therefore gives

e — e <a+a(l = B(1) = a(2 - B(1)),
contradicting (4.8). Thus a(1— (1)) > z, and hence 1 — 3(1) > 1/(1+4«). This is equivalent
to 5(1) < a/(1 + «) and completes the proof. O

The raw polar inequality contains more information than the exponential form used above.
In particular, by retaining the exact second moment s, we can keep track of the value of the
quadratic integrand at ¢ = 1. To this end, define

pi=(1-a*)s—14+2ax=1-p5(1)— (1 —-a*)(1—s).

Thus p measures the endpoint gain that remains after accounting for the possible deficit 1 —s
in the second moment. This quantity does not appear in Tao’s argument, where the second
moment is replaced by its upper bound 1 before the polar inequality is simplified.

Lemma 4.3 (Endpoint gain). One has 0 < p <1 — (1) and

n 1
(1+ (1 —a?)p) " ot - 21— )1+ p) 2 0. (4.9)
If (1 — a?) > 1, then
1 ntl] _ 42
R (1) () <1—p,  2*>p. (4.10)
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Proof. Set

H(t) = a* + 2a(1 — a®)wxt + (1 — a?)?st?.
This is a convex quadratic on [0, 1], with

H(0)=a*  H(1)=1+(1-a*p.
Hence H lies below the chord joining its endpoint values, namely
6,(t) = @+ (1— a?)(1 + p)t.
Figure 1 summarizes the geometric step used here and in the contradiction argument below.
(a) Convex H and its chord (b) Hypothetical p <0

A A
14+ (1—a®)p

1 ¢ 1t
FIGURE 1. The chord comparison in Lemma 4.3. Convexity places H below
the affine chord ¢,. If p < 0, the whole chord is at or below the level 1, with
strict inequality on a set of positive measure; this is incompatible with the raw
polar inequality.

We first show that p > 0. If p < 0, then ¢,(t) < 1 for 0 < ¢ < 1, and the inequality is
strict on a set of positive measure since a < 1. As H(t) < {,(t), this would give

1
/ H@t)"Y24dt <1,
0

contradicting the raw polar inequality (4.1). Thus p > 0. From the definition of p and the
assumption s < 1, we also have

p=1-p1)—(1—a")(1-5)<1-75(1).
Since H(t) < {,(t), the raw polar inequality (4.1) gives

1
1§/ 0,2 qe. (4.11)
0

The integral can be evaluated explicitly:
! 2 1)/2
0,() D2 4t = [ 1+ (1= a2)p) "2 —gnit]
o - @) )

Substituting this into (4.11) gives (4.9).
In particular, (4.9) implies

nt1)/2 . n+1

(1+(1—a2)p)( > 5 (1—a?).

Suppose now that *:(1 — a®) > 1. Taking logarithms and using log(1 +t) < ¢ gives

+1 +1
g0 e ) < M o1+ (1)) <

n+1
2

(1 - a2)p,
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which proves the first estimate in (4.10). Finally,
BS(l)IS_IOSl_/)y
while
p<1—p501)=2ax —a*=2*— (v —a)* <2’

This proves the remaining two estimates. 0

5. THE CENTERED ORIGIN CHANNEL

The direct estimates in Lemma 3.2 do not make use of the variance information. We now
refine them by exploiting the fact that the ¢; are concentrated around their mean.

Instead of expanding in elementary symmetric functions, we interpolate between the con-
stant configuration ¢; = = + 1y and the actual configuration. The deformation is visualized
in Figure 2: every point moves radially away from the common mean, while the mean itself
stays fixed and the variance scales by 6.

q2
] @
° q; (19) =m + Ow;
@{0)
¢ - Z q;(0) =m
: n—1%
m2Z 5+ 1y 1 i: . 2 _ g2
1 —m| = v
() Bl |g;(0) ‘
V' 4 X J
° actual configuration (6 = 1)
° . . .
° e intermediate configuration
qs
o

complex g-plane
F1GURE 2. Centered interpolation in reciprocal coordinates. Writing m =
x + 1y and w; = ¢; —m, the path g¢;(0) = m + 6w; contracts the configuration
to its common mean at # = 0 and recovers the original configuration at 6 = 1.
The mean is fixed, while the variance is exactly 0?v.

Lemma 5.1 (Centered interpolation estimate). Forn > 3, put D(t) = 1 —at(x +iy). Then

5(n — 1)a*t?v

[F(t) = D()"| < B2 (0<t<). (5.1)

61D (#)]
Proof. Set
n—1
Go(t) = [ [(D(t) — atbw;), 0<6<1.
j=1

Thus Go(t) = D(t)"! and G1(t) = F(t). The cancellation ) w; = 0 gives the identity

D(t) 95Go(t) = —a’*0 Y _w? [[(D(t) — atbuwy). (5.2)
J k#j
Indeed, after differentiating Gy(t), replace D(t) in the jth summand by D(t) —atbw; + atfw,.
The terms containing Gy(t) then cancel because » jw; =0.
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Moreover,

y) + Ow;|* = |z +iy)* + 0%v < s,

D ((x +iy) + 6w;) = x +iy.

J

n—1

It follows that the mean square of the factors D(t) — atfw; is at most [,(t). Applying (3.4)
to each product in (5.2), and using }_ |w3| = (n — 1)v, we obtain

5(n — 1)at*0v

|0sGo(t)] < Bs(t)n =272,

31D(1)|
Finally, |[D(t)| > 0 because at|z+iy| < 1. Integrating the preceding estimate over 0 < 6 < 1,
and using Go(t) = D(¢)""! and G,(t) = F(t), gives (5.1). O
Define the positive coefficient
5 3 -1 1 t2 t (n—2)/2
o, z) = 20 = 1) / ) dt. (5.3)
6 0 1 —axt

The denominator is positive since ax < 1.
Proposition 5.2 (Scalar inequalities). Let n > 3. Then
1 <alz +iy| + Cu(a, )|z + iyl (1 — & +iy[*) + (1) (5.4)

and
(n—1)a

1< R

5 1
+2a(n—1) / £3(£)™2/2 dt. (5.5)
0
Proof. By (4.5), x 4+ iy # 0. Since D(t) =1 — at(a: + iy), direct integration gives
— D(1
/ D" 'dt = 1= D (5.6)
(1’ +iy)
over [0, 1] and multiplying by a|z + iy|n, we obtain

)
01 F(t)dt — /01 D)™t dt| < 5a*n(n —é)|zv~|—iy|v /01 tzﬁj%)((;fm
(

Using (,(t) < p(t) and |D(t)| > 1 — axt, and then applying (5.3) and (5.6), this gives

a(x + iy)n/o F(t)dt — (1 — D(l)")

Integrating (5.1

dt.

alx + iy|n

< Cpla,x)|z + iy|v. (5.7)

Moreover,
D = [1 = a(z +ay)* < B(L).
By the first origin identity (3.1),

1
n/ F(t)dt‘ _ <1
0

Combining this with (5.7), and using v < 1 — |z + iy|? and |D(1)|" < 3(1)™2, yields (5.4).
For the second estimate, the differential origin identity (3.3) gives

/01 F(t) dt’ +IR).

1 <|F()|+ (n—1)al|z + iy
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By Lemma 3.2, 8, < 3, and |z + iy| < 1, we have
5 1
|F(1)] < (1)1, Hﬂ§§&0p4j/tﬁwmﬂwdt
0

Finally, (3.1) and |J| < 1 give
1
1
/ F(t) dt‘ < —.
0 n

Substituting these three estimates into the preceding inequality gives (5.5). OJ

It remains only to carry out a one-dimensional optimization. Write temporarily r =
|z +dy| € [0,1]. For a,C >0,
a, 2C < a,
U(a,C) : Orgggl{ar +Cr(1—1r7)} 2(a+ C)¥ (5.8)

This is obtained by maximizing the cubic (a + C)r — Cr® on [0,1]. The function ¥ is
nondecreasing in each variable. Consequently, any upper bound strictly less than one for
either of the right-hand sides in Proposition 5.2 rules out a counterexample.

6. ANALYTIC ELIMINATION FOR LARGE DEGREE

We first treat the range of sufficiently large degrees. The threshold is chosen for conve-
nience, with ample room in the elementary estimates below. Throughout this section we
assume

n—12>10°
Appendix A.1 records the exact rational checks at the endpoint, together with the mono-
tonicity arguments used to extend them to the full range.

6.1. Zeros near the unit circle. In this range, the centered estimate alone is sufficient.

Proposition 6.1. The inequality s < 1 is impossible when n > 1000001 and 0 < 1 — a? <
1/10.
Proof. We have a® > 9/10, a > 9/10, and o < (n — 1)/20. Put
n—4
5

Vi=
We first establish the two tail estimates
B < (n—1)"4 (133/160)” < (n — 1)~ (6.1)
Suppose first that « <+/n — 1. By (4.5) and v > (n —1)/3,
-1 —1
o(1- ) > DB v
1+ +vn— 6

It follows that B(1)” < (n — 1)~% If instead vn — 1 < a < (n — 1)/20, then v/a > 9, and
(4.6) gives

> 4log(n — 1).

B1)” < exp{-v(1-B(1)} <a™ < (n-1)""
This proves the first estimate in (6.1). For the second, we use 133/160 = 1 — 27/160 and
obtain
(133/160)" < exp(—27r/160) < exp(—9(n — 1)/160) < (n —1)~*.
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We now estimate the coefficient C),(a, ) in (5.3) by splitting the integral at t = 1/4. For
0 <t < 1/4, the inequality z > a/2 gives
3a’t
Blt) <1-— % <exp(—3a*/4),  1—azt>

w

4
Using [~ t?e”* dt = 2/k?, the contribution of this interval to Cy,(a, ) is at most
2048(5/3)n(n —1) _ 60
81(n — 2)3a? n—1
On [1/4,1], the convexity of 3 gives
B(t) < max{B(1/4), B(1)} < max{133/160, B(1)}.

Furthermore, 5(t) < 2(1 — axt). Hence, by (6.1), the contribution from this interval is at
most

5 4 7
— —1)4(133/160)" DV < ——.
Combining the two estimates, we obtain
61 a
Chla, ) < < —. 6.2
(a,2) < — <3 (6.2)
It remains to control the endpoint term in (5.4). Set E := B(1)"2. If a > 1, then (6.1)

and 1 —a? = 2a/(n — 1) imply
E < 1 < 1
1—a? = 2(n—1)3 4
If 0 < a <1, then (4.5) gives 5(1) < min{«, 1/2}, and hence

1
<(n—1)27"?2 < Z,
1—a2_(n ) <4

Thus, in both cases, £ < (1 — a?)/4. Together with (6.2), the formula (5.8) shows that the
right-hand side of (5.4) is less than
2

4
which contradicts (5.4). O

a—+

<1,

6.2. The complementary range. We now turn to the complementary range, where the
differential origin identity is sufficient. The endpoint gain obtained in Lemma 4.3 controls
the increasing part of the remainder integral.

Proposition 6.2. The inequality s < 1 is impossible when n > 1,000,001 and 1 —a* > 1/10.

Proof. For this proof only, put

1 -2
A::n+ (1—a?), gi=""%
2 n+1
Then A > 1. By Lemmas 3.2 and 4.3,
F(1)] < exp(—(n — 1)p/2) < A~ D/Gr+00-a), (6.3)

Let ty = z/(as). Since every g; is nonzero, we have s > 0. The quadratic 54(t) is decreasing
for t <ty and increasing for t > t,. We therefore split the integral defining R at min{1, ¢y},
and denote the two parts by Rge. and Ri,.; when ty > 1, the latter is absent.
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On the decreasing part, 3,(t) < 1 — azt < e ***. Hence
20(n — 1) 7

Raec| < : 6.4

[Raec] 3(n — 2)%a? < (n—1)a? (64)
On the increasing part, fs(t) < f5(1) < 1 — p, and therefore
) 2

’Rinc| S §a2(n - 1)Aig/(1ia ) (65)

We shall show that |F(1)| + |R| <1 —a.
Suppose first that 0 < a < 1/2. Then 1 —a? > 3/4 and A > 3(n — 1)/8. Since z? > p >
log A/A, (6.4) gives

TA
Ryee| < —————+ < 0.292.
[Faec] < (n—1)log A =

Write e = a® and n = 3/(n + 1), so that 0 = 1 — 5. Then

9 a/(1—a?)
(1 2) <(8/3)3 <4, (n—1)"0") < (n — YO <1001
—a

Using A > (n — 1)(1 — a?)/2 in (6.5), we obtain

. 4(5/3)(1.001) 5 5
= elog(n — 1) 2log(n — 1) <%

5
[Rine| < 45(1001)e(n 1)

Here we used the fact that the maximum of ee='°8("=1) is 1/(elog(n — 1)). Moreover, (6.3)
gives |F(1)] < 107%. Consequently,

5 1
|F(1)] + |R|] < 0.292 + T 1074 < g<l-a

Now suppose that a > 1/2. Then 1/10 < 1 —a? < 3/4 and = > a/2 > 1/4, so (6.4) gives
| Raec| < 112/(n —1). For r € [1/10,3/4], consider the function

g(r)=(1—7) (@) o

It is increasing on this interval, since

g'(r) 1 o (n—1)r
9(r) = _1——7”+ﬁ{10gT_1} > 0.

Using A > (n — 1)(1 — a?)/2 in (6.5) and writing a*> = 1 — (1 — a?), we obtain

1 —40/3
| Rine| < %(n —1) (%) < 0.016. (6.6)

For completeness,
40 33333 4 1

> —
3 25000 3 75000’
and the function r(3r/8)~33333/25000 ig decreasing for r > 10°. At r = 10°, the inequalities

723 < 375000, 37500079 < 1.001
bound it by 1.001/27, which proves (6.6).
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Similarly, with & = (n—1)/(n+1), the function ((n—1)r/2)*/" is increasing on [1/10, 3/4].
It follows from (6.3) that
3(n—1)\ */3 8
FOH| < | ———= < .
e (50) e
Combining these estimates, we obtain
112 8 1
F(1 R| < 0.016 <0.017T< —=<1—-+4/9/10<1 —a.
FOIHIR < TS T3 F 20 /10 1—a

Thus |F(1)| + |R| < 1 —a in both cases. In particular, |1 — F(1) — R| > a. Combining the
first origin identity (3.1) with the differential origin identity (3.3), we obtain

n n
J| = 1-F(1)—R| > > 1,
1] (n—l)a|x+iy|’ (1) | (n—1)|z + iy

contradicting |J| < 1. O

7. FINITE EXACT VERIFICATION

It remains to treat the degrees 6 < n < 10° Although the degree range is finite, the
distinguished zero a still varies over the continuum 0 < a < 1. The purpose of this section is
to reduce this continuous parameter problem to finitely many exact rational comparisons.

The basic idea is as follows. We cover the parameter region by finitely many rectangles

no<n<ng, a_<a<a;.

On each rectangle, we first obtain a uniform lower bound for 1 — 5(1). Monotonicity then
replaces all quantities appearing in the scalar inequalities of Proposition 5.2 by explicit
upper bounds depending only on the endpoints of the rectangle. The remaining integrals
are bounded by convexity: on each integration subinterval, the integrand lies below its
endpoint chord, so the integral is bounded by a rational linear combination of endpoint
values. Consequently, excluding an entire rectangle reduces to checking one of finitely many
explicit inequalities.

Thus the certificate is not a collection of sample points. Each record certifies a whole
parameter rectangle, and the union of these rectangles covers the entire range 6 < n < 10°
and 0 <a <1.

7.1. Bounds on a parameter rectangle. Fix integers 6 < n_ < n, < 10° and real
numbers 0 < a_ < a, < 1. Consider the parameter rectangle

n_<n<ng, a_<a<ag, 0<a<l. (7.1)
The first step is to obtain a lower bound for 1 — (1) that is valid uniformly throughout the
rectangle. We denote such a bound by ny € [0,1).

Lemma 7.1 (A uniform gap for 5(1)). Every configuration with s <1 satisfying (7.1) has

1—B(1) >mno

provided that either
1
Mo < P (7.2)
1+ 22 (1—a?)

or

n n — ]-
(14 (1= a2)po) ™2 —grett — %(1 —a2)(1+mn) < 0. (7.3)
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Proof. Suppose first that (7.2) holds. Since

ny —

1
a < (1—&2_),

the bound (4.5) gives
1 1

1—-p8(1) > >
A) Lto ™ 14 221 —a?)

= Mo-

Now suppose that (7.3) holds. Fix the actual values of n and a, and set
n+1
2

The left-hand side of (7.3) is an upper bound for ®(7y) throughout the rectangle. Hence
®(no) < 0. Equivalently,

1
/ (@®+ (1 —a®) (1 +m0)) " dt < 1.
0

For fixed n and a, the integral on the left is strictly increasing in 79. On the other hand,
(4.9) says that the same integral, with 7y replaced by p, is at least one. Therefore p > 1.
Since p < 1 — (1) by Lemma 4.3, we conclude that

(1—a®)(1+7).

(r) = (1+ (1 —a’)r) (/2 _ gntt

1— (1) > no.
O
Fix such a value of 1y and put
2
=2
d:= CMT"‘%7 ro= 1 5 b(t) :=1—not —a®t(1 —t).
Every rectangle appearing in the certificate satisfies d < 1. Define
1 1,2 _
tob(t)"
Kl = / tb(t)r_ dt, KQ Z:/ ( ) dt. (74)

These integrals are well defined on every certified rectangle. Indeed,
bt)=(1 -t + (1 —no)t+(1—a®)t(1—-t)>0, 0<t<I1,

and b(t) < 1.

The point of b(t) is that it provides a single majorant for the functions () arising from all
feasible configurations in the rectangle. This allows the scalar inequalities of Proposition 5.2
to be replaced by bounds depending only on the rectangle endpoints.

Lemma 7.2 (Uniform bounds on a parameter rectangle). On every feasible rectangle (7.1),
the quantities

— 5
F=(1- no)("*_l)ﬂ, R = gai(mr — 1)K,

Satng(ng —1)

E= (1_770)71_/27 C = 6

are upper bounds for, respectively,

1
B2, Ze2n 1) / £8(1) "D dt,
0

Ky

3
5(1)”/2, Cp(a,x).
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Proof. Fix a and write r = (n —2)/2 > 2. Let n = 1 — (1) and define
a®+n
2

Thus B,(t) = p(t) and D,(t) = 1 — axt. As n varies from 7, to its actual value, both
quantities remain positive. Moreover,

t.

B,(t) :==1—nt —a’t(1 —1t), D,(t):=1-

B,(t) < 2D, (1)

Hence

3} B, (t)" rt t

— log - = — + < 0.

on Dy(t) By(t)  2Dy(t)
It follows that replacing the actual value of n by 7 can only increase the ratio B, (t)"/D,(t).
We may then replace a® by a? in the numerator and by a% in the denominator. The resulting
numerator is b(t). Since 0 < b(t) < 1, replacing the exponent r by the smaller value

r_ = (n- — 2)/2 enlarges the bound. We therefore obtain

B(t)(n72)/2 < b(t)r_
l—axt — 1—dt

This proves the estimate for C.
The same argument without the denominator gives

B2 < b(1)™,
and hence the bound for R. Finally, the endpoint bounds for F and E follow directly from
1-3(1)>mn andn>n_. O

At this point every term in the two scalar inequalities of Proposition 5.2 has been replaced
by a quantity depending only on the rectangle. Thus, to exclude the whole rectangle, it is
enough to show that one of the corresponding uniform upper bounds is strictly less than one.

Proposition 7.3 (Rectangle exclusion tests). A rectangle (7.1) contains no configuration
with s < 1 if any one of the following conditions holds:

+ R+ (ny —1)ay

F < 1; (7.5)
2C < ay, ay + E < 1; (7.6)
2C >ay, E<1, 4(ay +0C)° <27C(1 - E)?
n_/2
20 < a_, 0<a+g"‘2_2, ”;O;l(liL) <i, (7.8)
where
ay = e — 1(1 —a?).

2

Proof. Suppose first that (7.5) holds. By Lemma 7.2, the right-hand side of (5.5) is bounded
above by

F+R+ (n+—1)a+7
ny

which is strictly less than one. This contradicts (5.5).
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We next consider the centered inequality (5.4). By (5.8), its first two terms are bounded
by ¥(a,C,(a,z)). Since ¥ is nondecreasing in both variables,

V(a, C(a, ) < ¥(ay,O).
If (7.6) holds, then 2C < a,, and therefore ¥(a,,C) = a,. Hence
VU(a,,C)+E < 1.
If instead (7.7) holds, then
2(ay + C)32
3V/30

and the inequality in (7.7) is exactly the squared form of

U(ay,C) =

\I/(CL+,6) <1 —E
Thus either condition makes the right-hand side of (5.4) strictly less than one, again a
contradiction. B
Finally, suppose that (7.8) holds. Since 2C' < a_, we have

a

<2
Cula,z) < 5

throughout the rectangle. From (4.5),

6(1)71/2 - ny — 1 Oén_/Zfl
1—a®> = 2 (14+a)/?

The function a™/271/(1 + a)"/? is increasing for 0 < a < (n_ — 2)/2. Since a < ay,
condition (7.8) gives

1—a?

B2 < —

Because C),(a,x) < a/2, formula (5.8) gives

V(a,Cpla,x)) = a.

Consequently, (5.4) would imply

1<a+ - aQ,
4
whereas
a—+ L—a” <1
4
for 0 < a < 1. This contradiction completes the proof. 0

7.2. Rigorous integration. It remains to bound the two integrals in (7.4). No numerical
quadrature approximation is needed. Instead, convexity gives an explicit upper bound on
each integration subinterval in terms of the values at its two endpoints. Since the subdivision
points are rational, this reduces the integral bounds to exact rational arithmetic, apart from
the controlled enclosure of powers.
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Lemma 7.4 (Convex quadrature bounds). The functions b(t)"~ and b(t)"~/(1 — dt) are
convezx on [0,1]. For any convex function f on [I,1+ z], with z > 0 and | > 0,

/ll+ztf<t>dtézG*%)f(”“( )sweo

/lHZ ft)dt < z (E + Lz + 2—2) f() (7.9)

+

DN | =~
[SSRIRN

2 3 12

2 2z 22
+Z(§+?+Z) f(l—i—z).

Proof. The function b is a nonnegative convex quadratic. Since r_ > 2, the function 0"~ is
convex.

For ¢ > 2, consider
BY

This function is convex and nondecreasing in B. For B > 0, convexity follows from the
nonnegative diagonal entries of its Hessian and the determinant

q(q —2)B*~*/D" > 0;

the case B = 0 follows by continuity. Since b(t) is convex and 1 — dt is positive and affine,
it follows that b(¢)™~ /(1 — dt) is convex on [0, 1].
Now let f be convex on [[,] + z]. Its graph lies below the chord joining the two endpoint

values. Thus l . P
£y £ =R + S+ ),

Multiplying by ¢ and 2, respectively, and integrating over [l,1 + 2] gives (7.9). O

Thus each of Ky and K5 is bounded above by a finite sum involving only endpoint values
of the corresponding convex integrand. Once the subdivision points are chosen on a dyadic
grid, all coefficients in these sums are rational. The remaining task is therefore a finite exact
verification.

7.3. The certificate and its verification. Let S = 2'9° The JSON certificate uses the
legacy field names

[m_lower,m_upper, a_lower_integer,a_upper_integer,h_integer,test, subdivision].
In the notation of this paper, these fields encode
n_ =m_lower + 1, ny = m_upper + 1,

while h_integer/S represents the quantity 79. The endpoints of the a-interval are a_ =

a_lower_integer/S and a, = a_upper_integer/S. We also write vy = subdivision.

Thus the code retains its original interface, whereas the paper uses the degree n throughout.
For a record with upper degree n,, define

K = [logy(ny —1)] +4.
We begin with the integer breakpoints
0, S>K, S>»(K-1),...,8>1, S,

where S>>k = |S/2%|. On each consecutive interval [L, U], we insert the points L + | j(U —
L)/vo] for 0 < j < wp, add their reflections S — ¢, sort the resulting set, and divide by S.
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All subdivision points are therefore rational. Since the coefficients in (7.9) are rational
functions of these points, the corresponding quadrature weights are rational as well. Thus
the passage from the continuous integrals in (7.4) to the quantities checked by the certificate
introduces no floating-point quadrature error.

The first checker encloses every arithmetic operation on a 100-bit dyadic grid. The second
checker computes the coordinates, weights, and rational coefficients exactly, and uses a 160-
bit dyadic grid only for the enclosure of powers. The only nonintegral exponents that occur
are half-integers.

The finite verification required for the proof is summarized in the following proposition.

Proposition 7.5 (Finite verification). For every integer 6 < n < 10° and every 0 < a < 1,
the inequality s < 1 is impossible.

Proof. The fixed public release v1.0 contains the certificate certificate. json. It consists
of 6593 records arranged in 430 consecutive degree blocks.

For each record, both verify_certificate.py and verify_independent.py verify the
admissible ranges of the rectangle endpoints, one of the two lower-bound conditions (7.2)
and (7.3), the positivity of 1 — d, the convex integral bounds obtained from (7.9), and one of
the four exclusion conditions in Proposition 7.3. Thus each accepted record proves that an
entire parameter rectangle contains no configuration with s < 1.

The records are distributed among the four exclusion tests as follows:

Exclusion condition Number of records

(7.5) 4003
(7.6) 5
(7.7) 2054
(7.8) 531
Total 6593

Figure 3 gives a geometric view of the finite certificate. Each colored region represents an
entire certified parameter rectangle, rather than a collection of sampled parameter values.
The coloring indicates which of the four exclusion tests is used to certify the corresponding
region.

Among the lower bounds for 1 — (1), 513 records use (7.2), while the remaining 6080
use (7.3). The stored range from m_lower=>5 to m_upper—999999 corresponds exactly to the
degree range 6 < n < 106.

Within each degree block, the certified intervals in a cover [0, 1] without gaps and have
pairwise disjoint interiors. Hence every pair (n,a) in the required range belongs to at least
one certified parameter rectangle. Since every such rectangle is excluded by Proposition 7.3,
no configuration with s < 1 can occur for 6 <n < 10 and 0 < a < 1.

Both verification programs return PASS on the supplied certificate. The certificate is

identified by the SHA-256 digest

8384d62a377b4£fcac4080d0e05979d7a6fct
90437b7e4911927a5403d4052709.

The line break and final punctuation are not part of the digest. O

The role of the computation is therefore limited to checking a finite family of explicit
inequalities. The reduction from the original continuous parameter problem to these in-
equalities is entirely contained in Lemmas 7.1, 7.2, and 7.4, together with Proposition 7.3.


https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/releases/tag/v1.0
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/certificate.json
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/verify_certificate.py
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/verify_independent.py
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10* F |

10% ¢ _

degree n (log scale)

102

[ direct: 4003 (B monotone: 5 [ cubic: 2054 [ boundary: 531

FIGURE 3. Coverage of the finite certificate in the (a,n) parameter plane.
The colors indicate the exclusion condition used for the certified rectangles:
blue for the direct test, green for the monotonicity test, red for the cubic
test, and gold for the boundary test. The vertical degree axis is displayed
on a logarithmic scale, from n = 6 to n = 10%. Thus the figure illustrates
the coverage of the admissible parameter region by certified rectangles, rather
than verification at isolated sample points.

8. ENDPOINTS, SMALL DEGREES, AND EQUALITY

The preceding arguments treat every interior zero when n > 6. We now dispose of the
remaining small degrees and the two endpoint cases. No finite verification is needed for
2 <n < 5. The polar argument used below is closely related to the small-degree arguments
in [Maz26, p. 16] and [T20206, Section 4, Remark 16].

Lemma 8.1 (Small degrees). The inequality s < 1 is impossible when 2 < n < 5 and
0<a<l.

Proof. Since x < 1 and s < 1, the integrand in (4.1) is bounded above by

(a+(1— a2)t)n_1

For the fourth power, direct integration and expansion give

! oyt g, (1—a)P’(l+a), 3
1—/0(a+(1—a)t) dt = E (a* —3a® 4+ 3a+4) > 0.
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Indeed, the final factor may be written as a* + 3a(1 — @) +4 > 0. Since n — 1 < 4,
monotonicity of the integral power means on the probability space [0, 1] gives

n—1)/4

/01(a+(1—a2)t)n1dt§ (/01(a+(1—a2)t)4dt)( <1

This contradicts (4.1). O

At a = 1 we shall use the following boundary inequality, obtained by setting k = v =1 in
[ , p- 460, Eq. (2.3)].

Lemma 8.2 (Meir-Sharma boundary inequality). Suppose that all zeros of p lie in the closed
unit disk, that p(1) =0, and that 1 is a simple zero. If (1,...,(,1 are the critical points of
p, counted with multiplicity, then

—1
SX e
We can now treat the two endpoints.
Lemma 8.3 (Endpoint cases). Suppose that the prescribed zero is not critical. At a =0,
s >n¥0N 5 g

At a = 1, one has s > 1, with equality if and only if p is a nonzero constant multiple of
2" —1.

Proof. Suppose first that a = 0. Comparison of constant terms gives

n—1

Since |z;| <1,

n—1
H | = n.
j=1

The arithmetic-geometric mean inequality therefore gives

1 2/(n—1)
j=1

Now suppose that a = 1. Put ¢; = (1 — ¢;)~'. By Lemma 8.2,

By Cauchy—Schwarz,

n—1 n—1 1/2
1 | ,
n_I;RG%S<H;|Qj|) = Vs

Hence s > 1.
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Suppose now that s = 1. The preceding inequalities must then be equalities, and hence

n—1
1
— ZReqj =1
j=1

Consequently,

n—1 n—1
1 1
j=1 7j=1

Thus ¢; = 1 for every j, and therefore (; = 0 for every j. It follows that p’ is a nonzero
constant multiple of 2"~!. Since p(1) = 0, the polynomial p is a nonzero constant multiple
of 2" —1. Conversely, for such a polynomial every critical point is zero, and hence s = 1. [

We are now ready to prove the main theorem.

Proof of Theorem 1.3. If the prescribed zero is also a critical point, then the sum in (1.1)
is infinite, so the inequality is strict. We may therefore assume that the prescribed zero is
simple and pperform the normalization of Section 2.

For 0 < a < 1, Lemma 8.1, Proposition 7.5, and Propositions 6.1-6.2 exclude s < 1 in
every degree. Hence s > 1, and therefore

n—1

1
E ——>n-—-1
= la=GP

for every interior zero.

At a = 0, Lemma 8.3 again gives strict inequality. At a = 1, the same lemma gives s > 1,
with equality precisely when p is a nonzero constant multiple of 2” —1. Undoing the rotation,
the equality family becomes

p(z) = A(Z" —w), A#0, lw| = 1.

Conversely, every critical point of A(z" — w) is zero, while every zero of the polynomial has
modulus one. Hence equality holds for every zero of every polynomial in this family. O

For completeness, we conclude with the proof of Corollary 1.4.

Proof of Corollary 1./. When all distances are nonzero, put t; = |a — (;|7'. For A > 2,
monotonicity of power means and (1.1) give

. 1/A ) 1/2
A 2
() () =

n—1

dla—¢l?>n—1.

J=1

Thus

If equality holds, then both power means above are equal to one. In particular, the quadratic
mean is one, so Theorem 1.3 shows that p(z) = A(2"—w) with A # 0 and |w| = 1. Conversely,
this family gives equality for every A > 2. If one of the distances vanishes, the corresponding
sum is infinite and equality cannot occur. OJ



THE QUADRATIC TANG-ZHANG INEQUALITY 23

APPENDIX A. CONSTANTS AND REPRODUCIBILITY

A.1. Analytic comparisons. This appendix records the numerical comparisons used in
Section 6. They are also verified using exact rational arithmetic in analytic_audit.py. In
particular, the large-degree argument does not rely on extrapolation from a finite collection
of numerical checks.
The exponential series, with its tail bounded by a geometric series, gives
5 5
27 1 1 7 11
— <) —<e< )y —+— < —.
10 Zj! ¢ Zj!+4320 1
7=0 7=0
Hence
13 < log 10° < 14, log(3-10°/8) > 12, log(10°/20) > 4,
and y/e < 5/3. Forn —1 > 105,
— 9(n—1)
> 4log(n — 1 —_—
and both inequalities become stronger as n increases.
For the constants arising in the integral estimates, the functions

e S

7

> 4log(n — 1),

(r—1)3" r—1
are decreasing for r > 1. It therefore suffices to check them at r = 10%, where
2048(5/3) /10\* (10%)2(10° + 1) 5/ 106 \?
A2 (e 42 .
81 <9> ao—1p % A3 lqmoy) <7

The remaining comparisons in the near-boundary case reduce to
10(1—1%6)>9, %+W712<16—(;<%,
together with (n — 1)27/2 < 1/4 for n — 1 > 16.
The function log(n — 1)/(n + 1) is decreasing throughout the range under consideration.

Using ' < (1 —¢t)7! for 0 <t < 1, we obtain

1 1001
1—56/(106 4 2) < 1000
The elementary estimates needed in the case 0 < a < 1/2 are
4(5/3)(1001/1000) 5 7(10 +2) 292

(TL . 1)4/(n+1) <

8/3)" < 4° =
(8/3)7 < 4 27710 <3 24100 " 10007
and
292 n ) + 1 - 1
1000 26 10000 ~ 2°
For the case a > 1/2, we have ¢ = (n — 2)/(n + 1) > 99999/100000 and 72* < 375000.
Moreover,
1 1001 5 1 1001 16
375000700 < < <.
1—14/75000 ~ 1000’ 12271000 1000
Finally,

112 8 16 17

1 2
T T 3105 T 000 S 1000 200 (197200 >9/10




24 T. ZHANG
All terminating decimals appearing in the proof are understood as exact rational numbers.

A.2. Certificate format and directed rounding. The JSON certificate contains the fields
precision_bits, m_start, m_stop_exclusive, and records, together with auxiliary gener-
ation statistics. The names involving m are retained from the released code, where m denotes
n—1. The first three values are 100, 5, and 1000000, respectively. Each record is a seven-entry
array

[m_lower,m_upper,a_lower_integer,a_upper_integer,h_integer,test,subdivision].

The legacy field h_integer stores the lower bound 7y for 1 — 5(1). The three coordinate
integers are stored as decimal strings and interpreted after division by 2!%. Every record uses
subdivision = 2. The field test is only an annotation recording the exclusion test used
during certificate generation; the second checker independently verifies a valid test rather
than relying on this annotation. The additional condition 7y > 2a; — a% would also exclude
a rectangle, but it is not needed for any record in the supplied certificate.

For an interval [L/S,U/S] and another nonnegative interval [L’/S,U’/S], multiplication
is enclosed by
[[LL'/S] [UU'/ST]
S S |

For a quotient with positive denominator interval, the enclosure is
[|\LS/U'| [US/L"]
S S '

Square roots are bounded using integer square-root enclosures. Signed additions and sub-
tractions use the corresponding endpoint order. Integer powers are computed by repeated
squaring, while a half-integer power is evaluated as the product of an integer power and a
square root.

The first checker applies these directed-rounding rules to every arithmetic operation. The
second checker uses exact rational arithmetic except for the enclosure of powers, where it
works on a 160-bit dyadic grid. In the implementation, interval bounds for b are replaced by
their nonnegative parts; this is valid because b > 0, as proved before Lemma 7.2.

A.3. Reproduction and scope of verification. The certificate and Python reproducibil-
ity package are available in the public GitHub repository; the version used for this manuscript
is the fixed release v1.0. The files needed to reproduce the arithmetic verification are:
certificate.json — finite interval certificate;
certify.py — certificate generator;

[ ]

[

e verify_certificate.py — first checker;

e verify_independent.py — separately implemented checker;
[ ]

analytic_audit.py — exact audit of the analytic constants.
From the supplementary directory, the following commands require only Python’s standard
library:
python verify_certificate.py certificate.json

python verify_independent.py certificate.json
python analytic_audit.py

The first two commands verify Proposition 7.5; the third checks the numerical comparisons
recorded in Appendix A.1. The certificate can be regenerated by running


https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/releases/tag/v1.0
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/certificate.json
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/certify.py
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/verify_certificate.py
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/verify_independent.py
https://github.com/zhangteng2000/quadratic-tang-zhang-conjecture/blob/v1.0/supplement/analytic_audit.py
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python certify.py --stop 1000000 --out regenerated_certificate.json
python verify_independent.py regenerated_certificate.json

Floating-point arithmetic in the generator is used only to propose search brackets and report
progress; it never determines whether a rectangle is accepted.

The first checker uses the interval-arithmetic and exclusion-test routines in certify.py.
The second checker does not import certify.py or verify_certificate.py. The two
verification programs are separate implementations of the same mathematical specification.
Their agreement provides a cross-check of the arithmetic specification. The completed Lean 4
formalization | | also proves the analytic reductions, verifier soundness, rectangle cov-
erage, acceptance of all 6593 certificate records, and the final theorem, including the equality
classification and Corollary 1.4.

DATA AVAILABILITY

The finite certificate, generator, two checkers, analytic constant checker, and verification
logs are publicly available in the GitHub repository and archived in the fixed release v1.0.
The Lean 4 source and verification records are available in the separate formalization repos-
itory | |. The certificate is an essential component of the computer-assisted proof. No
empirical data are used.
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