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ABSTRACT. In 2006, Vaserstein asked whether, for some n > 2 and
some unital ring A, there is an element of E,(A) which is nonscalar
modulo every proper ideal and is not a single commutator. We answer
this question affirmatively by establishing two existence theorems. First,
for every n > 3 there is an explicit finite noncommutative algebra A,
over Fy and an element g, € En(A,) with this property; in fact g is
not a commutator in GL, (A, ). The construction is a square-zero exten-
sion of a finite product of copies of F3, and the obstruction is detected
after passing along one arrow to the dual numbers over F2. Second,
for every n > 3 there is also a commutative example, with A = C[z].
The commutative construction uses the unbounded elementary length
of SL,,(C[z]) and the bounded elementary length of linear commutators
over commutative rings of finite maximal-spectrum dimension, and then
makes the element nonscalar at every closed point by multiplying by a
constant elementary transvection.

1. INTRODUCTION
Let A be an associative ring with identity. For n > 2 and i # j, we write
eij(a) = I + aEyj (a€ A)

for the elementary transvection, and denote by E,,(A) the subgroup of GL,,(A)
generated by all such matrices. We use the commutator convention

[z, y] = xya~ly ™

When A is noncommutative, all ideals in this paper are two-sided ideals. A
matrix over a quotient A/I is called scalar if it is of the form AI,, for some
e A/l

The elementary linear group occupies a central place in algebraic K-theory
and in the structure theory of linear groups over rings. In the stable range,
it is the basic object which measures the difference between matrices and
their determinant-like invariants; in the unstable range, it retains delicate
information about the ring. One of the most elementary identities in this
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subject is Steinberg’s relation
leix(a), ex;(1)] = e5(a), 1, J, k distinct.

Thus, for n > 3, every elementary generator is itself a commutator. In
particular, E,(A) is generated by commutators in a very strong and explicit
sense.

This observation, however, does not decide whether a given element of
E,(A) is a single commutator. The difference between being generated by
commutators and being one commutator is substantial. It is the difference
between perfectness and commutator width one; it is also the point at which
the geometry of the ring begins to intervene. This distinction is already vis-
ible in classical work on commutators in linear groups over fields and rings,
beginning with Thompson’s results for special and general linear groups over
fields [12], and continuing through the work of Dennis—Vaserstein [2, 3|,
Vaserstein-Wheland [13], and Sivatski-Stepanov [10]. In a different direc-
tion, bounded elementary generation and commutator width for Chevalley
and classical groups have developed into a broad theory; see, for example,
[5, 6,9, 11]. A recurring theme in all of these works is that bounded gener-
ation, bounded elementary length, bounded commutator width, and width
one are closely related but logically distinct phenomena.

In 2006, Vaserstein posed his nonscalar commutator problem; it is also
recorded in the Kourovka Notebook [8, p. 97, Problem 16.23].

Problem 1.1 (Vaserstein). Is there, for some n > 2 and some unital ring
A, an element of E,(A) which is nonscalar modulo every proper ideal of A
and is not a commutator?

The condition that the element remain nonscalar modulo every proper
ideal is the essential feature of Problem 1.1. Without it, local square-
zero constructions already give non-commutator phenomena in special lin-
ear groups; compare Avni-Gelander—Kassabov—Shalev [1, Proposition 3.2,
Corollary 3.3, Theorem 3.5|. Such examples show that width one can fail,
but they do not answer Problem 1.1, because the obstruction may disappear
in quotients. Vaserstein’s hypothesis rules out this degeneracy. It asks for an
element which is nonscalar in every quotient of the ring and yet still cannot
be written as one commutator. Thus the question isolates a genuinely global
obstruction to width one.

For commutative rings, the condition has a geometric interpretation. If
A = C[z], then a matrix is nonscalar modulo every proper ideal precisely
when it is nonscalar at every closed point of the affine line. Thus Problem 1.1
asks for a polynomial family of elementary matrices which avoids the scalar
locus at every point, but which nevertheless lies outside the image of the
commutator map

GL,(A4) x GL,(A) — GL,(A4), (z,y) — [z,v].

This formulation places the problem at the boundary between linear algebra
over rings, unstable K-theory, and the geometry of representation varieties.


https://shpilrain.ccny.cuny.edu/gworld/problems/probmat.html
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The purpose of this paper is to answer Problem 1.1 affirmatively. In fact,
we prove two results, one finite and noncommutative, the other commutative.

Theorem 1.2. For every integer n > 3, there is a finite noncommutative
unital ring Ay, and an element g, € E,(Ay,) such that gy, is nonscalar modulo
every proper two-sided ideal of Ay, and g, is not a commutator in GL,(A,).

The conclusion of Theorem 1.2 is stronger than the formulation of Prob-
lem 1.1: the element is not a commutator even in the ambient group GL,,(A4,,),
not merely in E,(A,). The ring A, is an explicit finite algebra over Fy. It
is a square-zero extension of a finite product of copies of Fy, built from the
finite set of all commutator presentations of a fixed transvection in GLy,(F2).
The obstruction is detected by isolating one arrow and passing to the dual
numbers over Fsg.

Our second result shows that the phenomenon is not an artifact of non-
commutativity.

Theorem 1.3. For every integer n > 3, there is an element g, € E,(C[z])
such that gy is nonscalar modulo every proper ideal of Clzx], and g, is not a
commutator in GLy,(C[z]).

This gives a commutative answer over one of the most classical rings. The
proof is necessarily of a different nature. Since C[z] is Euclidean,

En(Clz]) = SLn(Clz]).

The construction uses two deep facts about elementary length. Van der
Kallen [7] proved that SL3(Clz]) is not boundedly generated by elementary
matrices, and Erovenko [4] gave an explicit proof which, in particular, ap-
plies to SLy, (F[x]) for n > 3 when F' has infinite transcendence degree over
its prime subfield. On the other hand, Sivatski and Stepanov [10] proved
that linear commutators over commutative rings of finite maximal-spectrum
dimension have bounded elementary length. Combining these two facts
gives an element h € E,(Clz]) which is not a product of two GL,(C|x])-
commutators. A short specialization-avoidance argument then modifies h
by a constant elementary transvection so that the resulting element is non-
scalar at every closed point, while preserving the obstruction to being a single
commutator.

Organization of the paper. In Section 2 we record the elementary square-
zero lemma used in the finite construction. In particular, we isolate a dual-
number specialization associated to one arrow of a square-zero extension of
a finite product of copies of Fo. Section 3 proves Theorem 1.2. We con-
struct the finite algebra A,, prove that the chosen element lies in E,(A,),
verify the nonscalar condition in all quotients, and establish the determinant
obstruction. Section 4 proves Theorem 1.3. We first use unbounded elemen-
tary length and bounded elementary length of commutators to produce a
long element of E,,(C[z]), and then apply the finite specialization-avoidance
argument.
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2. PRELIMINARIES

We record two elementary facts used repeatedly.

Lemma 2.1. Let F be a field, let € be a finite set, and let A be the F-algebra
with basts
{pw:weQtU{aw, :w,neQ, w#n}

and multiplication

PwPn = 5w77pwa
P¢lun = O¢ulun, GumP¢ = On¢ A,
and
awnacg =0.

Then A is an associative unital algebra with unit 14 =3 o pw- If

J = SpanF{awn LW # N},

then J*> = 0 and A/J = [[,cq F. Moreover, if u,v € M,(A) are written
uniquely as

u = ZPVUV + Z AaBUS, v = szﬂ/u + Z AaBVaf,

ved a#p ved a#f
with coefficients in M, (F'), then

(2.1) (UV)wn = Uy Vs + U

Proof. Associativity is verified on basis elements. Products containing two
arrows are zero. Products containing no arrow are governed by orthogonal
idempotents. Products containing exactly one arrow reduce on both sides
to the same source and target Kronecker symbols. The stated unit and the
identities J?2 = 0 and A/J = [[o F are immediate. Formula (2.1) is the
matrix form of the same source-target multiplication rule. O

Lemma 2.2. In the situation of Lemma 2.1, fix distinct vertices w,n € £
and define

Son ={2€ Mp(A) : 2, = 2}
Then S, is a unital subring of M, (A), and
Oun : S — My (Fle]/ (%)), Oun(2) = 24 + E2um,

is a unital ring homomorphism. If z € S, is invertible in M, (A), then
-1
270 € Suy-
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Proof. The set S, is plainly closed under addition and additive inverses,
and it contains the identity matrix. If u,v € S, then

(uv)w = Uy, (uv)y = UyUy = Uy,
s0 Sy is closed under multiplication. Formula (2.1), together with v, = v,,,
gives
O (UV) = Uy + €(UpVuy + UwnVu) = Ouwy (1) Oy (v).

Thus ©,,, is a unital ring homomorphism. Finally, if z is invertible and
2y = zp, then

(Zil)w = (ZW)il = (Zn)il = (Zil)m

soz le Son- O

3. THE FINITE NONCOMMUTATIVE CONSTRUCTION
Fix n > 3 and put
F =T, H = GL,(F), t=ep(l)=1I1,+ FE;2 € H.
Let
D = {(h,t) € H* : [h, (] = t}.
The set D is finite and nonempty, because
[e13(1), e32(1)] = e12(1) = ¢.

Set Q@ = DU {oo}. Thus |2] = |D| + 1. Let A = A, be the F-algebra
attached to 2 by Lemma 2.1. Since (2 is finite, A is a finite-dimensional
F-algebra; in particular, A is a finite ring. Moreover, A is noncommutative.
Indeed, D is nonempty, so |2 > 2. Choose two distinct vertices w,n € Q.
Then

Dwlun = Qunys aunPw = 0.
Hence py,awy # awnpw, and so A is noncommutative.
Put
r= Z awy € J.
w#n
Since J? = 0, one has 2 = 0. Define
(3.1) g = (In + T‘E11)612(1A) € GLn(A)

Proposition 3.1. The element g defined in (3.1) belongs to E,(A).

Proof. 1t is enough to prove that I, + rEj; € E,(A), since eja(14) is ele-
mentary. Fix an arrow a = a.,; and put p = p,. Then

ap = a, pa =0, a?=0.

Let X = aFEj3 and Y = pFE5;. Since X? = Y? = 0 and the characteristic is
2, the inverses of I,, + X and I, +Y are themselves. Moreover

XY =aFy, YX=0,
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and all higher alternating products XY X, Y XY, and (XY)? vanish. Hence
I+ X, I, +Y]|=U,+ X)), +Y) L+ X)(I,+Y) =1, + aF1;.
Both I,,+X and I,+Y are elementary matrices; therefore I,,+aFE1; € E,(A).
Multiplying this identity over all arrows, in any order, gives
H (In + awnEll) =1I,+ TEH,
w#n
because all products of two arrows are zero. Thus I, + rEy; € E,(A). O

Proposition 3.2. For every proper two-sided ideal I <1 A, the image of g in
M, (A/I) is not scalar.

Proof. Expanding (3.1),
g=1,+ Ei2s+rE;1 +rEq.
Thus the (1,2)-entry of g is 14 + . Since 72 = 0 and char A = 2,

(1A+T‘)2 =14.

Hence 14+ is a unit. No proper ideal contains a unit, so 14+r ¢ I for every
proper ideal I. The image of the (1, 2)-entry of g in A/I is therefore nonzero.
A scalar matrix has zero off-diagonal entries, and the claim follows. O

Proposition 3.3. The element g is not a commutator in GLy(A).
Proof. Assume, toward a contradiction, that

9= [xvy]
for some z,y € GL,(A). Reducing modulo J, and using A/J = [] .o F,
gives matrices

Ty, Yo € GL,(F) (weQ).

Since r maps to zero in A/J, the reduction of g at every vertex is t = ej2(1).
Hence

[0, yo] =1
for all w € Q, so (2w, yw) € D for all w. Since || = |D| + 1, there are two
distinct vertices w # n such that

(Tws Yo) = (5 Yn)-
In particular z,y € Sy, and by Lemma 2.2 also 71, y~! € S,,. Applying
O = 0,,, gives

O(g) = [0(z),6(y)]

in GL,,(Fle]/(e?)). Since F[e]/(¢?) is commutative, determinants of group
commutators are equal to 1. Thus

(3.2) det©(g) = 1.
We now compute O(g). Put
s=1I,+rE, e=-ej2(1l4).
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Then g = se. At every vertex v one has
Sy = I, e, =1,
so g, = t. Along the chosen arrow a.,, one has
Swy = F11, ewn = 0.
Using (2.1),
Gun = Swewn + Swnen = In - 0+ Bt = Eqqt.
Therefore
O(g) =t +eEnt = (I, +eEn)t.
Since t = ej2(1) is elementary, det(t) = 1, and hence
det ©(g) = det(I,, + cEq1) det(t) = 1 +¢.
But 1+¢ # 1 in F[e]/(g?), contradicting (3.2). Thus g is not a commutator
in GL,(A). O
Proof of Theorem 1.2. Combine Propositions 3.1, 3.2, and 3.3. U

4. THE COMMUTATIVE CONSTRUCTION OVER Clz]

We now turn to commutative rings. In this section A = Clz] and n > 3
is fixed. Since C[z] is Euclidean,

E,(C[z]) = SL,,(Cl[z]).
The proof is the usual elementary row reduction over a Euclidean domain.

4.1. A long element. For a group G and a subset X C G, write £x(g) for
the word length of ¢ with respect to X U X 1. Let

gn(R) = {eij(a) D1 7& ja ac R}
be the set of elementary transvections in E,(R).
We shall use the following two length lemmas. The first is an explicit form
of van der Kallen’s theorem, due to Erovenko [4, p. 163, Theorem 2.1]. The

hypothesis of that theorem is satisfied because C has infinite transcendence
degree over its prime subfield.

Lemma 4.1 ([4, Theorem 2.1]). The group SLy(Clz]) has unbounded word
length with respect to the set of elementary transvections. FEquivalently, for
every integer N > 1 there exists an element h € SL,(C[z]) which is not a
product of at most N elementary transvections.

The second lemma is the bounded-length theorem of Sivatski and Stepanov.
We use it only for the ring Clz]. In their notation, the relevant general re-
sult is [10, p. 296, Theorem 1.1]: if R is a Noetherian commutative ring with
dim Max R = d < oo, then for every n > 3 there is a constant depending
only on n and d which bounds the elementary length of all commutators

[a, b], a€ E,(R), beSL,(R).

Since Clz] is Noetherian and dim Max C[z]| = 1, this gives the following form.
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Lemma 4.2 ([10, Theorem 1.1|). There ezists a constant L = L(n) such
that every commutator

[a, b], a € E,(Clz]), be SL,(C[z]),
is a product of at most L elementary transvections.

Proposition 4.3. There ezists h € E,(Clx]) which is not a product of two
commutators in GLy,(C[z]).

Proof. Let L = L(n) be the constant from Lemma 4.2. We first show that
every commutator in GL, (C[z]) has elementary length at most L.

Let [u,v] be an arbitrary commutator in GL,,(C|z]). Since the only units
of C[z] are the nonzero constants, both det(u) and det(v) belong to C*.
Choose a, € C* such that

o det(u) =1, B" det(v) = 1.

Put v = (aly)u and v = (BI,)v. Then v/,v" € SL,(C[z]). Since C[z] is
Euclidean, we have

SLn(Clz]) = En(Clz]).
Thus v’ € E,(C[z]) and v" € SL,(Cl[z]

). Scalar matrices are central, so
[u, 0] = [u, ).

By Lemma 4.2, the commutator [u’,v'] is a product of at most L elementary
transvections. Hence every commutator in GL,, (C[x]) has elementary length
at most L.

Now suppose, for contradiction, that every element of E,(C[z]) were a
product of two commutators in GLy,(C[z]). Then every element of E,(C[z])
would be a product of at most 2L elementary transvections. Since

Ey(Clz]) = SLn(Clz]),

this contradicts Lemma 4.1. Therefore there exists h € E,(C[z]) which is
not a product of two commutators in GLy,(C[z]). O

4.2. Avoiding scalar specializations. For A € C with A" =1, let
Ly = {A(In — dElg) :d € (C} - SLn((C)

U, = U L.

An=1

Set

This is a finite union of affine lines in M, (C).

Lemma 4.4. Let h € E,(C[z]) be as in Proposition 4.3. Then the polyno-
mial map

h:AE — SL,(C)

has image not contained in U,.
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Proof. Suppose that h(A}C) C U,,. Since A}C is irreducible and U, is a finite
union of closed affine lines, the image is contained in one of them. Thus
there are A € C* with A" =1 and f € C[z] such that

h =M1, — fE12).

We show that the right-hand side is a product of two GL,, (C[z])-commutators.
First,

I, — [E12 = e1n(—f) = lexs(—f), e32(1)].
Second, A, is a commutator in GL,,(C). Indeed, let

D = diag(1,\,\%,... A" 1)

and let P be the permutation matrix defined by Pe; = e¢;11 for 1 < i <mn
and Pe, = e1. A direct calculation gives

DPD'P7le;=Xe;  (1<i<n),

where for ¢ = 1 one uses \™ = 1. Hence

D, P] = Al
Therefore h is a product of two commutators in GL,(C[z]), contradicting
Proposition 4.3. Hence h(A}) is not contained in U,,. O

Lemma 4.5. There exists ¢ € C such that g = e12(c)h is nonscalar at every
closed point of A(lc; equivalently, g(a) is not a scalar matriz for every a € C.

Proof. By Lemma 4.4, the closed set h~'(U,) C Al is proper. Hence it is
finite. If

ei2(c)h(a) = pl,
for some a € C, then
h(a) = ero(—c)uly, = pu(Il, — cE12).

Because h(a) € SL,(C), one has u™ = 1, so h(a) € U,. Therefore all possible
bad pairs (a,c) have a € h=1(U,). For a fixed such a, there is at most one
corresponding value of ¢: indeed, if h(a) = (I, — cE12), then u = h(a)11
and ¢ = —p~'h(a)12. Hence there are only finitely many bad values of c.
Choose ¢ € C outside this finite set. O

Proposition 4.6. For ¢ chosen as in Lemma 4.5, the element g = e12(c)h
belongs to E,(Clzx]), is nonscalar modulo every proper ideal of Clz], and is
not a commutator in GL,(Clx]).

Proof. Since both eja(c) and h belong to E,(C[z]), so does g.

Let I < Clz| be a proper ideal. If the image of g in M, (C[x]/I) were
scalar, then, choosing a maximal ideal (x —a) containing I, its further image
in M,,(C) would also be scalar. That image is g(a), contradicting Lemma 4.5.
Hence g is nonscalar modulo every proper ideal.

Finally suppose that g = [u, v] for some u,v € GL,,(C[z]). Since

e12(—c) = [e13(—c), es2(1)],
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we get

h = e12(—c)g
as a product of two GLy,(C[z])-commutators. This contradicts the choice of
h in Proposition 4.3. Therefore ¢ is not a commutator in GL,,(C|x]). O
Proof of Theorem 1.3. This is Proposition 4.6. ([

Finally, let us give some concluding remarks. The two constructions in
this paper are formally different. The noncommutative example is finite and
explicit. Its obstruction is a determinant obstruction only after a carefully
chosen square-zero arrow is isolated; the ambient ring itself is noncommuta-
tive, but the selected arrow quotient lands in the commutative dual numbers.
The commutative example has the opposite character: the ring C[z] is clas-
sical, but the existence of the initial long element uses the deep fact that
elementary length in SL, (C|z]) is unbounded whereas commutators have
bounded elementary length.

In both cases the conclusion is stronger than the literal negative assertion
about F,,(A): the constructed element is not a commutator even in the larger
group GL,,(A). Moreover, both constructions work uniformly for every fixed
n > 3.
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