A STREAMLINED SOLUTION TO KADISON’S PROBLEM ON ORTHONORMAL
BASES OF UNITARIES FOR TYPE II; FACTORS

TENG ZHANG

1. STATEMENT OF THE THEOREM

The purpose of this note is to give a streamlined proof of the nonseparable argument developed in the
joint work of He, Tang, Xu, and Zhang [HTXZ26]. Together with the separable result of He, Tang, and
Zhang [HTZ26], this yields the characterization stated below and, in particular, a complete solution of
Kadison’s problem.

Let (M, ) be a finite von Neumann algebra with a faithful normal tracial state. We write

So(M)={seM:s5=s5"=s""1 7(s) =0}
and let L?(M)s, denote the real Hilbert space obtained by completing Mg, in the tracial L?-norm. For a
nonzero projection e, let 7. = 7(e) 17 |caze-
Theorem 1.1. Let (M, 7) be diffuse and put k = dens L?(M, 7). The following are equivalent.

(1) L?>(M,7) has an orthonormal basis consisting of unitaries in M.
(2) L?(M,7) has an orthonormal basis consisting of self-adjoint unitaries in M.
(3) L3(M,T) has an orthonormal basis of the form

{1} U B, B C S(M).
(4) For every nonzero central projection z € Z(M),
dens L*(2M, 7,) = k. (CD)
In particular, every type 11y factor has an orthonormal basis of unitaries.

When & = Rg, the implication (4) = (3) follows from [HTZ26, Theorem 1]. We therefore assume x > Rg
throughout the nonseparable argument below.

2. ELEMENTARY FACTS

We use the trace-preserving conditional expectation E : M — N for a von Neumann subalgebra N C M;
its L?-extension is the orthogonal projection onto L?(N) |[Tak72]. We also use Kaplansky’s density theorem
in the tracial standard representation [KR97a, p. 329, Theorem 5.3.5].

Lemma 2.1. Let M be finite tracial.
(1) For FC M,
dens L*(W*(F)) < max{|F|,R¢}.
(2) If (M;)icr is an increasing directed family and Q@ = W*(J, M;), then

Il
LXQ) = ULQ(Mi) :
(3) Every von Neumann subalgebra N C M has a self-adjoint generating set of cardinality at most
dens L?(N).
(4) If T is an orthonormal family in a Hilbert space, then

suppr(§) = {t € T': (£, 1) # 0}
is countable for every vector .

Moreover,
MnNL*(N)=N. (2.1)
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Proof. Parts (i)—(iii) follow from rational *-polynomial approximation and Kaplansky density; (iv) is Bessel’s
inequality. For (2.1), if x € M N L?(N), then z = Ey(z) € N. O
Lemma 2.2. In the tracial standard representation, the trace vectors are precisely the vectors represented

by unitaries in M.

Proof. This is the standard trace-vector identification: if £ is a trace vector, the map =z — x£ extends to
an isometry commuting with the left action; the commutant is the algebra of right multiplications, which is
finite, hence this isometry is unitary. See [KR97b]. O
Lemma 2.3. Let e € M be nonzero and let c(e) be its central support. Then

dens L?(eMe, 7.) = dens L?(c(e) M, 7,(.)).
Consequently, if (CD) holds and r > Rg, then every nonzero corner eMe has L?-density k.

Proof. Put z = c(e) and p = dens L?(eMe). The L?-closed linear span of MeM is zL?(M): the orthogonal
projection onto this closed two-sided invariant subspace is multiplication by a central projection, and the
defining property of c(e) forces that projection to be z.

Choose a sequence of finite sums from MeM converging to z in L?, and enumerate all coefficients occurring
in that sequence as two countable families (a;) and (b;). Let K be the closed linear span of

{a;xb; : i,j € N, x € eMe}.

We claim that K = 2L?(M). Certainly K C 2L?(M). Fix z € zM. Multiplying the chosen approximation
of z on the left by a term a;eb;x shows that a;eb;x € K, because every resulting product has the form

aeb;zajeb; = a;(ebjraze)b;.

Multiplying the same approximation of z on the right by 2 now gives = za € K. Thus K = 2L?(M). Each
map r — a;xb; is L?-continuous. Hence the images, under this countable family of maps, of an L?-dense
subset of eMe of cardinality u have rational complex span dense in 2L?(M). Thus

dens L*(zM) < p.

The reverse inequality follows from the corner inclusion. Normalizing the traces does not change density
characters. 0

Lemma 2.4. Let V CU(M) be orthonormal. For every nonzero central projection z,

[V| < dens L?(2M, 7.,).
Proof. Let D be dense in zL?(M) with |D| = p. Since ||zul|3 = 7(2) > 0 for every u € V, some d € D
satisfies (d,u) # 0. Hence

V= U suppy (d).
deD
Each support is countable by Lemma 2.1(iv), so |V| < p. O

3. PROJECTION LIFTING AND FINITE APPROXIMATION
For the remainder of Sections 3-5, assume (CD) and x = dens L2(M) > N.
Lemma 3.1 (Projection lifting). Let N C M be a von Neumann subalgebra such that
dens L?(eMe) > dens L*(N) (0 # e € P(M)).
For every positive contraction a € N, there is a projection p € M with
En(p) = a.
Proof. Set
K={xeM:0<z<1, Eny(x) =a}.
It is nonempty, convex, and ultraweakly compact. Let p be an extreme point. Suppose that p is not a
projection. Then for some ¢ € (0,1/2) the spectral projection
e=11-(p)
is nonzero. Put D = W*(N U {e}). Lemma 2.1 gives
dens L*(D) < dens L*(N),
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so eMe ¢ D. Choose b =b* € eMe\ D and set
h=b— Ep(b).
Then h # 0, h = h* € eMe, and En(h) = 0. After rescaling, ||| < €. Since e commutes with p and
ge < epe < (1 —e)e,

both p + h and p — h lie in K, contradicting extremality. Thus p is a projection. This is the density-gap
version of the standard extreme-point argument of [DFHS12, Lemma 2.1 and Remark 2.3(iii)]. O

Lemma 3.2 (Norming symmetry). Let N C M satisfy dens L?(N) < k, let ' C My, have cardinality < k,
and let 0 £ r =r* € M satisfy

En(r) =0, R
Then there is s € So(M) such that

_ _ Irli3
EN(S) - 07 s L Fa <7“, 8>2

B ”THOO

Proof. Let D =W*(NUT U{r}). By Lemma 2.1, dens L?(D) < k. Lemma 2.3 therefore implies that every
nonzero corner has strictly larger density than L?(D). Apply Lemma 3.1 to

1< r
g= - 1+)6D.
2 17|00

There is a projection p with Ep(p) = ¢q. Put s = 2p — 1. Then

Ep(s) = —

Irlloe”

Applying En gives En(s) = 0; pairing with T' gives s L T'; pairing with r gives the displayed norming
identity. Trace preservation gives 7(s) = 0. O

Lemma 3.3 (Finite approximation). Let N C M satisfy dens L2(N) < k. Let T' C So(M) satisfy |U| < &
and Ex(T) = 0. Let V be the real span of finitely many orthonormal symmetries orthogonal to L?>(N) and
toT.

If b = b* € M satisfies En(b) =0 and b L T, then for every e > 0 there is a finite orthonormal family
F C 8(M), orthogonal to L*(N), T, and V, such that

dist (b7 V + spang F) < e.

Proof. Let ro = b — Pyb. If ||roll2 < ¢, take F' = @&. Otherwise, while ||7;_1||2 > ¢, apply Lemma 3.2 with
the previously chosen symmetries added to the constraints. We obtain a new symmetry u; and define
Irj-1l3
aj = W Tj = Tj-1 = a5y
7—1lloco
The vectors u; are mutually orthogonal and satisfy all required orthogonality conditions. Since (r;j_1,u;) =
aj,

j
Irill3 = lr—all3 = a3, > af < llroll3.
i=1

Moreover,

Irj—1lloe < llrollse + Y lasl < Irollo + v/5 = Lliroll2.
i<j
If the construction never stopped, then with C = ||rg||s + [|70]l2 we would have

54

2
a2 > ——
J 2]’

contradicting > j a? < oo. Hence it stops after finitely many steps, and the resulting family F' has the

required property. 0
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4. CLOSING COEFFICIENT SUPPORTS

Let Q C Sy(M) be orthonormal and write P, for the real orthogonal projection onto spang). We say
that Q has the bounded-projection property if

Pqo(Mgs) C Mg,. (BP)

For F C Ms,, let W(F') be the real and imaginary parts of all unital x-polynomials over Q + ¢Q in finitely
many elements of F.

Proposition 4.1 (Support closure). Assume that Q satisfies (BP). There is a closure operation clg on
subsets of Q such that

(1)
cdo(@) =2,  [ca(9)] < max{[S],Ro};

(2) for every nonempty directed increasing family (S;),

clo (U Sl-) = U cla(S;);

(3) every closed S also satisfies (BP).

If Q C Q' and both satisfy (BP), a closure on Q' can be chosen compatibly with any prescribed closure on §2,
in the sense that

S closed in ) = SNQ closed in .

Proof. For S C Q, let Sy = S and

S =5U |J suppo(Pow),  ca(S) = Sn.
weW(Sy) n>0

Every support is countable and every polynomial has finitely many inputs. Hence
lca()] < max{] ], Xo}.

The same finite-input observation gives monotonicity, idempotence, and preservation of directed unions.
Since every element of € has trace zero, scalar polynomials have zero Q-projection, so cq(@) = @.
Suppose S = ¢ (S) and put R = W*(S). By construction and Kaplansky density,

Po(L*(R)sa) C Spangs$.
For # € L?*(M), and s € S,
(PoFERrz,s) = (Egx, sy = {(x, s).
The left-hand side lies in the closed span of S, and therefore
Ps = PoER. (4.1)

For € My,, both Egx and PoEgrx are bounded self-adjoint elements. Thus S satisfies (BP). We may
therefore take clg = cq.

For compatibility, let cqs be the closure just constructed on Q' and let clg be the prescribed old closure.
Define

F(S)=ca(S)Uca(SNQ),  da(S) =[] F"(9).
n>0

The map F is extensive, monotone, preserves directed unions, fixes the empty set, and has the same cardinal
bound. Hence its countable iteration is a closure with (i)—(ii). If S is closed, then F/(S) = S, so S is cq/-closed
and SN Q is clg-closed. The preceding argument gives (BP) for S. O
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5. RELATIVE EXTENSION

Proposition 5.1 (Small relative extension). Let N C M satisfy dens L2(N) < k. Let Q C So(M) be
orthonormal, satisfy (BP), and satisfy

Q] < &, En(Q) =0.
Fiz a closure clg as in Proposition 4.1. Let g < XA < k. If

S cQ, X C M, Y C Nga, IS], 1 X], Y] < A,
then there are von Neumann algebras C C N, C C R C M, a closed set © C 2, and an orthonormal family
U C S(M) such that
Sceo, X CR, Y cC, En(U) =0, U 1Q,

10|, |U|, dens L?*(R) < A,

and

LQ(R)sa = LQ(C)sa D m(@ U U)- (5'1)

Proof. We argue by induction on the infinite cardinal .
The countable case. Construct increasing countable sets D,, C Ng,, closed sets ©, C €2, and finite
orthonormal families U,, C So(M) with Ex (U, ) =0 and U,, L Q. Start with
DOZYU{l}, @()ZCIQ(S), U():@.
At stage n, put
G,=D,UuXue,ul,
and enumerate the countable set W(G,,) xN as (¢, ;) jen,- Fix a bijection m : N2 — N such that 7(m, j) > m.
At stage n = m(m, j), process the task t,, ; = (y, k). Thus every task created at any finite stage is eventually
processed, and for every fixed polynomial y that occurs in some G,,, the tasks (y, k) are processed for all k.
When (y, k) is processed, set
b(y) =y — En(y) — Pay.
By (BP), b(y) is bounded and self-adjoint. Because En(Q2) =0,
bly) LL*(N),  bly) L%
Adjoin En(y) to D,, enlarge ©,, by closing the countable set suppq(Pay), and apply Lemma 3.3 to b(y)
with
r=9, V' = spang U,, e=27F
Adjoin the resulting finite family to U,.

Let
D=JD., e=Je. U=,

C =W*(D), R=W*(DuXuUueul).
Directed continuity of the closure makes © closed. If
yeWDUXUBUU),
then all inputs of y occur at some finite stage, and the schedule processes (y, k) for every k. Hence
En(y) €C,  Poy €5pang®,  b(y) € spangU.

These three subspaces are mutually orthogonal. Since such polynomial parts are L2-dense in L?(R)g,, (5.1)
follows.

The induction step. Let A > Xy and assume the proposition for every smaller infinite cardinal. List the
tagged elements of S, X, and Y along )\, allowing repetitions. For o < A, put

Ao = max{Ny, |a|}.
We construct increasing C, C N, C, C R, C M, closed O, C €2, and orthonormal U, such that
En(Uy) =0, U, 1L Q,
L*(Ra)sa = L*(Ca)sa @ 5Pang (00 U Ua), (5.2)
all earlier tagged data are absorbed, and
|94/, |Ual, dens L?(Ry) < Ag.
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Start with CQ = Ro = C1 and @0 = UO = .
Suppose the objects have been constructed at stage o < A. From (5.2),

Pouv, = Po+ ERr, — Ec, — Pe,,.

Thus QU U, is an orthonormal family satisfying (BP). Moreover |QUU,| < x and Exy(QUU,) = 0. Choose
on it a closure compatible with the fixed closure on €, using Proposition 4.1.

Choose bounded self-adjoint L2-dense sets in C, and R, of cardinality at most A,. Apply the induction
hypothesis at the smaller cardinal A\, < A to the enlarged background QUU,, taking as input the set ©,UU,,
those two dense sets, and the next tagged datum. We obtain

Ct C N, CtCcR'cCM,
a closed T C QU U, containing ©, UU,, and an orthonormal family V' 1L QU U, with Ex(V) = 0 such that
L*(R")sa = L*(C™)sa @ 5P (T U V).
The dense input sets imply, using (2.1),
c,cCT, R, C RT.
Set
Cor1=C", Roy1=R", 0,1 =TNQ, Uy =U,UV.
Compatibility makes ©,41 closed. Since T contains U, and is contained in Q U U,,
T=(TnNN)UU,,

so the displayed decomposition is exactly (5.2) at « + 1.

At a nonzero limit § < )\, take generated unions for Cy, Rs and ordinary unions for O, Us. Orthogonality

and the identities Ex (U, ) = 0 pass to the union. Lemma 2.1(ii) passes the decompositions to the L?-closures,
and directed continuity makes ©; closed. Since every previous stage is bounded by

As = maX{N()» |6|}7

the union of |6] many dense sets, each of size at most As, still has size at most As. Thus all cardinal bounds
persist. At § = A every input has been absorbed. This proves the proposition. O

Proposition 5.2 (Local extension). Let N C M, let Xg < A < K, and assume dens L2(N) < \. For every
X C Mg, with | X| < A, there are
NuUXcPcM

and an orthonormal family U C So(P) such that
|U|,dens L*(P) < ), L*(P)ga = L*(N), @ spangU.
Proof. Choose a self-adjoint generating set Y for N with |Y| < A. Apply Proposition 5.1 with @ =S5 = &
and inputs X,Y. The output satisfies Y C C C N, hence C = N. Set P = R. Finally, each u € U lies in
M N L*(P) =P by (2.1). O
Theorem 5.3 (Relative extension). Assume (CD) and k > Rg. If N C M satisfies
dens L?(N) < &,

then there is an orthonormal family U C So(M) such that

L*(M)sa = L*(N)sa @ SpangU.
Proof. Choose a self-adjoint generating family (ga)a<, for M, allowing repetitions. Put

e = max{dens L?(N), o, |a|}.

For every a < K, o < k. Starting with Ng = N and Uy = @, recursively construct increasing von Neumann
algebras N, and orthonormal families U, C Sp(N,) such that

L*(Ny)sa = L*(N)sa @ spangU,, dens L*(N,) < pa,

and gg € N, for every 8 < a.

At a successor stage, apply Proposition 5.2 to N, with X = {g,} and A\ = u,. The new complement
supplied by that proposition is orthogonal to L?(N, ), so adjoining it to U, gives the required decomposition
at a + 1.
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At a nonzero limit 0 < &, set
N :W*(U Na), Us = | U
a<d a<d
Lemma 2.1(ii) gives the decomposition at the limit. The same common-bound argument as above yields
dens Lz(N(;) < us.
At the final stage, every generator belongs to N,;, hence N,, = M. Taking U = U,; proves the theorem. [J

6. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.1. The implications (3) = (2) = (1) are immediate.

Assume (1), and let V be an orthonormal basis of unitaries. Its cardinality is k. For every nonzero central
projection z, Lemma 2.4 gives

< dens L*(zM,T.).

The reverse inequality follows because multiplication by z is a bounded projection from L?(M) onto 2L?(M).
Hence (CD) holds.

Now assume (CD). If k = Ny, condition (3) is Theorem 1 and its proof in [HTZ26]. Suppose k > .
Apply Theorem 5.3 with N = C1. Since

L*(Cl)s = RI,
there is an orthonormal family U C Sp(M) such that
L*(M)s, = R1 @ spang U.
Complexifying gives an orthonormal basis
{1}uU
of L?(M), proving (3).
If M is a factor, its only nonzero central projection is 1, so (CD) is automatic. The last assertion

follows. By Lemma 2.2, the same basis also gives a trace-vector orthonormal basis in the tracial standard
representation. O
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